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Theoretical predictions for elastic neutrino-electron scattering have no hadronic or nuclear uncertain-
ties at leading order making this process an important tool for normalizing neutrino flux. However, the
process is subject to large radiative corrections that differ according to experimental conditions. In this
paper, we collect new and existing results for total and differential cross sections accompanied by radia-
tion of one photon, νe → νe(γ). We perform calculations within the Fermi effective theory and provide
analytic expressions for the electron energy spectrum and for the total electromagnetic energy spectrum
as well as for double- and triple-differential cross sections w.r.t. electron energy, electron angle, photon
energy, and photon angle. We discuss illustrative applications to accelerator-based neutrino experiments
and provide the most precise up-to-date values of neutrino-electron scattering cross sections. We present
an analysis of theoretical error, which is dominated by the ∼ 0.2 − 0.4% uncertainty on the hadronic
correction.
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3
1 Introduction
In the Standard Model of particle physics, neutrinos are massless particles. However, experiments with
solar [1–6], atmospheric [7, 8], reactor [9–13] and accelerator [14–16] neutrinos,1 establish that neutrinos
oscillate and have nonzero mass [17, 18], thus providing a convincing example of physics beyond the
Standard Model. Fundamental questions about this definitive portal to new physics remain unanswered:
What is the origin of neutrino mass? Are lepton number and CP symmetries violated? Do sterile neutrinos
exist? What is the absolute scale and ordering of neutrino masses? New experiments aim to address these
questions but rely on a precise description of neutrino interactions with the ordinary matter (electrons
and nuclei) used to detect them.
Interactions with atomic nuclei compose the bulk of neutrino scattering events at accelerator neutrino
experiments. Although interactions with atomic electrons are rarer, they are nonetheless valuable. The
neutrino-electron scattering process plays an important dual role: first, owing to a clean experimental
signature and a small cross-section uncertainty, the process provides an incisive constraint on neutrino
flux [19, 20]; second, the bulk of next-to-leading order (NLO) radiative corrections can be evaluated
analytically and thus serve as a prototype for the more complicated cases of neutrino-nucleon and neutrino-
nucleus scattering.
Radiative corrections to elastic neutrino-electron scattering of order α were calculated first in Ref. [21],
where only soft-photon bremsstrahlung was considered. In Ref. [22], an analytical phase-space integration
technique was developed to include hard-photon bremsstrahlung, and the electron energy spectrum for
neutrino-electron scattering accompanied by one radiated photon was obtained. The leading-order (LO)
cross section in the low-energy limit of the Weinberg theory [23] was evaluated in Ref. [24]. References [25,
26] presented the electron energy spectrum in the limit of small electron mass accounting for corrections
of order α, and including other electroweak NLO radiative corrections. The electromagnetic energy
spectrum was considered in Refs. [27, 28]. Reference [29] reproduced results of Refs. [22, 25] by numerically
performing the phase-space integration, and accounted for the electron mass suppressed interference term;
Ref. [29] also presented a numerical evaluation of the electromagnetic energy spectrum. The hard photon
correction to the total elastic cross section was studied in Refs. [30, 31]. Different aspects of radiative
corrections in elastic neutrino-electron scattering were also discussed in Refs. [27–44]. See Refs. [45, 46]
for recent reviews.
In this work, we analytically evaluate relevant distributions and spectra in elastic (anti-)neutrino-
electron scattering starting from four-fermion effective field theory (EFT). We take neutrino-lepton and
neutrino-quark EFT coefficients from Ref. [47] and calculate virtual corrections in the MS renormalization
scheme. Exploiting the technique of Ref. [22], we evaluate the electron energy spectrum and present
this calculation in a relatively compact form. We generalize this technique for the evaluation of the
electromagnetic energy spectrum as well as triple and double-differential cross sections. We discuss a new
treatment of “hadronic penguin” diagrams; this contribution dominates the error budget for neutrino-
electron scattering, and impacts other neutral current neutrino processes, such as coherent neutrino-
nucleus scattering [48]. As illustrative applications using accelerator neutrino beams [16, 49–51] we
consider the impact of radiative corrections on energy spectra, and compare observables employing electron
energy versus total electromagnetic energy. For possible low-energy applications, we provide results in
analytic form keeping all charged lepton mass terms. The complete mass dependence could be useful in
the analysis of future reactor and solar neutrino experiments [52–56].
The paper is organized as follows. Section 2 considers the kinematics of neutrino-electron scattering
and computes the tree-level scattering process including electroweak corrections to the low-energy four-
fermion interaction. Section 3 computes virtual corrections to elastic scattering. Section 4 represents the
bulk of the paper and computes QED corrections involving real radiation. Section 5 presents illustrative
results for total cross sections and electron energy versus total electromagnetic energy spectra. Section 6
presents our conclusions and outlook. In the main text of the paper, we describe the general strategy
1 For the purposes of this paper,“accelerator” neutrinos have energy large compared to the electron mass.
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Figure 1: Neutrino-electron scattering kinematics.
of the computations and focus on results in the limit of small electron mass (i.e., neutrino beam energy
much larger than electron mass). Appendices provide general expressions retaining all electron mass
terms. Appendix A summarizes higher-order perturbative QCD corrections to heavy-quark loops that
are discussed in Section 3.2. Appendix L displays flux-averaged spectra in experimental conditions of
DUNE, MINERvA, NOvA and T2K experiments.
2 Neutrino-electron scattering
We begin in Section 2.1 by reviewing the kinematics of neutrino scattering on atomic electrons. Through-
out this Section we consider general charged leptons `, but in following Sections we specialize to the
phenomenologically most relevant case of the electron, ` = e. We introduce the relevant basis of four-
fermion effective operators in Section 2.2 and discuss their coefficients in Section 2.3.
2.1 Kinematics for neutrino-electron scattering
Consider the scattering of neutrinos on atomic electrons. We neglect the atomic binding energy and
momentum compared to the energy and momentum transferred in the scattering process. Consequently,
the initial electron is taken to be at rest in the laboratory frame, where the kinematics is given by
pµ = (m, 0) (initial electron with p2 = m2), p′µ = (E′, k − k′) (final charged lepton with p′2 = m′2),
kµ = (ω, k) (initial neutrino), k′µ = (ω′, k′) (final neutrino), see Figure 1. The neutrino mass scale is
much lower than the electron mass and typical neutrino beam energy, and we neglect the neutrino mass
mν throughout. We will let q
µ = p′µ− pµ denote the momentum transfer to the charged lepton and write
me = m for the electron mass.
Elastic scattering is described by two independent kinematical variables. It is convenient to introduce
the invariant momentum transfer,
q2 =
(
p′ − p)2 , (1)
and the squared energy in the centre-of-mass reference frame,
s = (p+ k)2 . (2)
Note that production of heavier charged leptons in neutrino-electron scattering is possible when the
neutrino beam energy is high enough. Using s = m2 + 2mω ≥ m′2 we see that ω ≥ (m2µ −m2)/(2m) ≈
10.9 GeV to produce a muon (m′ = mµ), while ω ≥ 3089 GeV for the production of τ (m′ = mτ ).
The neutrino scattering angle in the laboratory frame, Θν , can be expressed in terms of the final
neutrino energy ω′ as
cos Θν =
ωω′ −m(ω − ω′)− m2−m′22
|k||k′| = 1 +
m
ω
− m
ω′
− m
2 −m′2
2ωω′
. (3)
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Figure 2: Leading-order contributions to neutrino-lepton scattering in the Standard Model. The graph
with the exchange of Z boson contributes to the neutrino and antineutrino scattering. ` and `′ denote
charged leptons of any flavor in this Figure.
The final neutrino energy varies between backward and forward scattering in the range:
mω
m+ 2ω
+
m2 −m′2
2 (m+ 2ω)
≤ ω′ ≤ ω + m
2 −m′2
2m
, (4)
corresponding to the charged lepton energy range:
m+
m′2 −m2
2m
≤ E′ ≤ m+ 2ω
2
m+ 2ω
+
m′2 −m2
2 (m+ 2ω)
. (5)
The angle between recoil charged lepton direction and the neutrino beam direction, Θe, is given by
cos Θe =
ωE′ −m2 −m(ω − E′) + m2−m′22
ω|p′| , (6)
and scattering is possible only in the forward cone bounded by Θmaxe :
cos Θmaxe =
√
m′2 −m2
m′2
(2ω +m)2 −m′2
4ω2
. (7)
The scattering angle expression simplifies for the elastic process (m′ = m) to
cos Θe =
m+ ω
ω
√
E′ −m
E′ +m
, (8)
when it varies between 0 and 1, i.e., the electron is scattered always into the forward hemisphere.
2.2 Effective neutrino-charged lepton operators
Neutrino-electron scattering is described by the exchange of weak vector bosons W and Z (with masses
MW and MZ respectively) in the Standard Model, cf. Figure 2 for contributing Feynman diagrams. At
energies below the electroweak scale, the interactions of neutrinos and charged leptons are determined
by an equivalent effective Lagrangian [57–59]. Neglecting corrections suppressed by 1/M2W , the effective
Lagrangian consists of momentum-independent four-fermion operators.
At tree level, the matching onto this effective Lagrangian Leff is readily obtained,
Leff = − g
2
M2W
(JW+)
µ(JW−)µ −
g2
2M2Z
(JZ)
µ (JZ)µ , (9)
where Jµ
W− , J
µ
W+
= J† µ
W− and J
µ
Z are charged and neutral currents in the Standard Model Lagrangian
coupling to W+, W− and Z respectively, and g is the electroweak SU(2)L coupling constant. Focusing
on leptonic versus quark operators, we have
Jµ
W− =
1√
2
∑
`
¯`γµPLν` , (10)
6
JµZ =
1
cos θW
∑
`
[(
−1
2
+ sin2 θW
)
¯`γµPL`+ sin
2 θW ¯`γ
µPR`+
1
2
ν¯`γ
µPLν`
]
, (11)
where PL = (1− γ5)/2 and PR = (1 + γ5)/2 are projection operators onto left-handed and right-handed
fermions and θW denotes the weak mixing angle satisfying MW /MZ = cos θW . After Fierz rearrangement
of the charged current contribution, the result may be written as
Leff = −
∑
`,`′
ν¯`γ
µPLν` ¯`
′γµ(cν``
′
L PL + cRPR)`
′ − c
∑
`6=`′
ν¯`′γ
µPLν` ¯`γµPL`
′ , (12)
with coefficients cν``
′
L , cR and c:
cν``
′
L = 2
√
2GF
(
sin2 θW − 1
2
+ δ``′
)
, cR = 2
√
2GF sin
2 θW , c = 2
√
2GF , (13)
where we have introduced the Fermi constant GF = g
2/(4
√
2M2W ), and where the Kronecker symbol δ``′
satisfies δ``′ = 1 for ` = `
′ and δ``′ = 0 for ` 6= `′. Note that coefficients c and cR are the same for all
combinations of lepton flavors, while the coefficient cν``
′
L depends on whether the neutrino and charged
lepton have the same flavor.
Neglecting the neutrino magnetic moment contribution [60–66], the leading-order cross section of
neutrino-lepton scattering can be expressed, in all possible cases, as [24, 25, 29, 67–92]
dσν``
′→ν``′
LO
dω′
=
m
4pi
[(
cν``
′
L
)2
IL + c
2
RIR + c
ν``
′
L cRI
L
R
]
, (14)
dσ
ν¯
`
`′→ν¯
`
`′
LO
dω′
=
m
4pi
[(
cν``
′
L
)2
IR + c
2
RIL + c
ν``
′
L cRI
L
R
]
, (15)
dσ
ν``
′→ν`′`
LO
dω′
∣∣∣∣∣
` 6=`′
=
m
4pi
c2IL, (16)
dσ
ν¯``→ν¯`′`′
LO
dω′
∣∣∣∣∣
` 6=`′
=
m
4pi
c2IR, (17)
with kinematical factors:
IL =
(k · p) (k′ · p′)
m2ω2
= 1 +
m2 −m′2
2mω
→ 1, (18)
IR =
(k · p′) (k′ · p)
m2ω2
=
ω′2
ω2
(
1 +
m′2 −m2
2mω′
)
→ ω
′2
ω2
, (19)
ILR = −
mm′ (k · k′)
m2ω2
= −m
′
ω
(
1− ω
′
ω
+
m2 −m′2
2mω
)
→ −m
ω
(
1− ω
′
ω
)
, (20)
where the limit of elastic process, i.e., m′ = m, is presented in the last step. The neutrino-energy
spectra in Eqs. (14-17) are equivalent to the recoil electron energy spectra due to energy conservation:
m+ω = E′+ω′. In particular, dσ/dE′ = dσ/dω′. We later apply this observation to compute differential
cross sections with respect to total electromagnetic energy in the presence of radiative corrections. To
study the angular spectrum, the differential cross section can be obtained by exploiting
dE′ =
4mω2 (m+ ω)2 cos Θed cos Θe[
(m+ ω)2 − ω2 cos2 Θe
]2 . (21)
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Table 1: Effective couplings (in units 10−5 GeV−2) in the Fermi theory of neutrino-fermion scattering with
4 quark flavors at the scale µ = 2 GeV. The error due to the uncertainty of Standard Model parameters
is shown.
c
ν``
′
L , ` = `
′ cν``
′
L , ` 6= `′ cR cuL cuR cdL cdR
2.39736(26) −0.90166(26) 0.76834(24) 1.14118(18) −0.51112(16) −1.41508(11) 0.25591(8)
We observe that the contribution from the interference term ILR is suppressed by the charged lepton mass.
The neutrino and antineutrino scattering are related by the substitution IL ↔ IR (k ↔ k′) or equivalently
cν``
′
L ↔ cR.
Note that ν``→ ν`` and ν¯``→ ν¯`` cross sections involving one flavor seem to be not positive definite
for energies comparable with the charged lepton mass due to the helicity-flip interference term cν``L cR.
However, the cross section is always positive in the physical region of scattering mω/ (m+ 2ω) < ω′ < ω
and can vanish only in case of forward recoil electrons with maximum energy E′ = m+ω2/ (m+ 2ω) [93,
94] in the scattering of an electron antineutrino of energy ω¯:
ω¯ =
(
cν``L
cR
− 1
)
m
2
. (22)
2.3 Effective neutrino-lepton and neutrino-quark interactions beyond leading order
Higher-order electroweak and QCD contributions modify couplings in the effective Lagrangian of Eq. (12).
The evaluation of virtual NLO corrections to elastic neutrino-charged lepton scattering also involves
interaction with quarks and gluons; see Sections 3.2 and 3.3. The relevant neutral current part of the
effective neutrino-quark Lagrangian is
Lqeff = −
∑
`,q
ν¯`γ
µPLν` q¯γµ(c
q
LPL + c
q
RPR)q, (23)
with (neutrino flavor independent) left- and right-handed couplings cqL and c
q
R respectively. At tree level,
cqL = 2
√
2GF
(
T 3q −Qq sin2 θW
)
, cqR = −2
√
2GFQq sin
2 θW , (24)
where T 3q denotes the quark isospin (+1/2 for q = u, c, −1/2 for q = d, s) and Qq its electric charge in
units of the positron charge (+2/3 for q = u, c, −1/3 for q = d, s). For numerical analysis, we employ
low-energy effective couplings from Ref. [47]. For definiteness, we take inputs in four-flavor QCD (nf = 4)
at renormalization scale µ = 2 GeV in the MS scheme and do not distinguish between couplings to u (d)
and c (s) quarks.2
The effective Lagrangians of Eqs. (12) and (23), and the corresponding charged current quark op-
erators [47], determine neutrino scattering rates at GeV energy scales, up to corrections suppressed by
powers of electroweak scale particle masses. Electroweak scale physics is encoded in the values of the
operator coefficients from Table 1. Real photon radiation and virtual corrections involving the photon
and other light particles must still be calculated within the effective theory.
3 Virtual QED corrections
In this Section, we present virtual corrections, considering QED vertex corrections involving virtual pho-
tons in Section 3.1 and closed fermion loop contributions from leptons and heavy quarks in Section 3.2.
We estimate the correction coming from light-quark loops in Section 3.3.
2 In Ref. [47], one-loop matching to the Standard Model is performed at the electroweak scale accounting for the leading
QCD corrections with one exchanged gluon inside quark loops and neglecting masses of all fermions except the top quark
compared to the electroweak scale. The matching is accompanied by renormalization group evolution to GeV scales to resum
large electroweak logarithms in the effective couplings.
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Figure 3: Virtual corrections to elastic neutrino-electron scattering in the Standard Model corresponding
to the vertex correction in effective theory.
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Figure 4: QED vertex correction to elastic neutrino-electron scattering in effective theory.
3.1 QED vertex correction
We consider one-loop virtual corrections in elastic (anti-)neutrino-electron scattering ν`e → ν`e (ν¯`e →
ν¯`e). Within the Standard Model, the vertex correction is given by the diagrams in Figure 3, while only
the single diagram in Figure 4 contributes in the effective theory. The usual field renormalization factors
must be applied to external legs.
First, we evaluate the one-loop vertex correction to the matrix element of left-handed (L) and right-
handed (R) charged lepton currents JL,Rµ = e¯ (p′) γµPL,Re (p) from Eq. (12). We perform the integration
in d = 4− 2ε dimensions of space-time to regularize the ultraviolet divergence:
δJL,Rµ = −e2
ˆ
iddL
(2pi)d
e¯ (p′) γλ (p/ ′ − L/ +m) γµPL,R (p/ − L/ +m) γρe (p)
(L2 − λ2) ((p− L)2 −m2) ((p′ − L)2 −m2)
(
gλρ − (1− ξγ) LλLρ
L2 − aξγλ2
)
,(25)
where k/ ≡ kµγµ for any four-vector k, ξγ is the photon gauge parameter, and a is an arbitrary constant
associated with the photon mass regulator. The small photon mass λ is introduced to regulate infrared
(IR) divergences. The corresponding field renormalization factor of external charged leptons is
Z` = 1− α
4pi
ξγ
ε
− α
4pi
(
ln
µ2
m2
+ 2 ln
λ2
m2
+ 4
)
+
α
4pi
(1− ξγ)
(
ln
µ2
λ2
+ 1 +
aξγ ln aξγ
1− aξγ
)
. (26)
Neglecting Lorentz structures whose contractions with the neutrino current vanish at mν = 0, the
resulting correction can be expressed as
(Z` − 1) JL,Rµ + δJL,Rµ =
α
pi
(
f1J
L,R
µ + f2j
L,R
µ
)
, (27)
in terms of form factors f1 and f2 and the additional currents j
L
µ and j
R
µ :
jLµ =
1
2
e¯
(
p′
)(
γµγ5 +
iσµνq
ν
2m
)
e (p) , (28)
jRµ =
1
2
e¯
(
p′
)(−γµγ5 + iσµνqν
2m
)
e (p) . (29)
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Here σµν =
i
2 [γµ, γν ].
Using Eqs. (25) and (26), the UV finite and gauge-independent virtual correction is given in Eq. (27)
by one-loop QED form factors [95, 96]:
f1 (β) = − 1
2β
(
β − 1
2
ln
1 + β
1− β
)
ln
λ2
m2
+
1
β
[
3 + ρ
8
ln
1 + β
1− β −
1
8
ln
1 + β
1− β ln
(
2
1 + ρ
ρ
)]
− 1
2β
(
Li2
β − 1 + ρ
2β
− Li2β + 1− ρ
2β
)
− 1, (30)
f2 (β) =
ρ
4β
ln
1 + β
1− β , (31)
which are expressed in terms of the recoil electron velocity β and the parameter ρ:
β =
√
1− m
2
E′2
, ρ =
√
1− β2 = m
E′
. (32)
The vertex correction (27) to the unpolarized cross section can be expressed as a sum of factorizable
and nonfactorizable terms:
dσν`e→ν`ev =
α
pi
δvdσ
ν`e→ν`e
LO + dσ
ν`e→ν`e
v,NF . (33)
The factorizable correction is given by
δv = 2f1. (34)
The nonfactorizable term dσν`e→ν`ev,NF is obtained by modifying kinematical factors Ii in Eqs. (14, 15) as
Ii → Ii + αpi f2δvIi where
δvIL = δ
vIR =
1
2
ILR −
ω′
ω
, (35)
δvILR = 2
(
IL + IR − ω
′
ω
)
− ILR. (36)
The resulting vertex correction to the unpolarized cross section of Eq. (33) is in agreement with
Refs. [29, 37]. In the limit of massless electron, the Pauli form factor vanishes, f2 (β) → 0, and the
correction becomes exactly factorizable.
3.2 Closed fermion loops: leptons and heavy quarks
In addition to the corrections involving virtual photons in Section 3.1, we must account for the corrections
with a closed fermion loop (so called “penguin” diagrams) of Figure 5. These corrections correspond to
the neutrino “charge radius” contribution and effects of γ-Z mixing in the Standard Model, cf. Figure 6.
They represent the EFT determination of the kinematical dependence of electroweak corrections, cf.
Refs. [25, 27].
In this Section, we consider the loop contribution from an arbitrary fermion with mass mf and charge
Qf (in units of the positive positron charge) and effective left- and right-handed couplings c
f
L and c
f
R
respectively, as in Eqs. (12) and (23). Note that the coupling cfL for charged leptons (f = `) depends
on the neutrino flavor. This perturbative treatment applies to loops involving charged leptons or heavy
quarks (mf  ΛQCD). Light quarks require a nonperturbative treatment, as discussed in Section 3.3
below. Starting from the nf = 4 flavor theory discussed in Section 2.3, we treat the charm quark as heavy
and the up, down and strange quarks as light.
10
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Figure 5: Long-range dynamics in elastic neutrino-electron scattering in the effective theory. Loops with
all interacting fields in the theory are summed up.
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Figure 6: Long-range dynamics in elastic neutrino-electron scattering in the Standard Model: γ-Z mixing
and penguin-type diagram.
The correction can be expressed as a modification of electron left- and right-handed currents, cL,RJ
L,R
µ →
cL,RJ
L,R
µ + c
f
L,RδJ
L,R
µ :
δJL,Rµ = Qfe
2e¯
(
p′
)
γλe (p)
−gλρ
q2
ˆ
iddL
(2pi)d
Tr [γρ (L/ +mf ) γµPL,R (L/ − q/ +mf )](
L2 −m2f
)(
(L− q)2 −m2f
) , (37)
and does not depend on the photon gauge. Corrections to either left- or right-handed currents are vector-
like and may be written
δJLµ = δJ
R
µ = Qf
α
2pi
Π
(
q2,mf
) (
JLµ + J
R
µ
)
. (38)
At renormalization scale µ in the MS scheme, the form factor Π is
Π
(
q2,mf
)
=
1
3
ln
µ2
m2f
+
5
9
+
4m2f
3q2
+
1
3
(
1 +
2m2f
q2
)√
1− 4m
2
f
q2
ln
√
1− 4m
2
f
q2
− 1√
1− 4m
2
f
q2
+ 1
, (39)
and corresponds to vacuum polarization in QED [97–101].
The resulting “dynamical” correction to the unpolarized cross section, dσν`e→ν`edyn , can be expressed in
the following form:
dσν`e→ν`edyn =
α
pi
∑
f 6=uds
QfΠ
(
q2, mf
)
dσ˜ν`e→ν`edyn, f + dσ
ν`e→ν`e
dyn, uds . (40)
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The contribution from three light flavors dσν`e→ν`edyn, uds is discussed below in Section 3.3. The reduced cross
section dσ˜ν`e→ν`edyn, f is obtained by replacing ν`e couplings in Eqs. (14, 15) as(
cν``
′
L
)2 → cν``′L (cfL + cfR) , (41)
(cR)
2 → cR
(
cfL + c
f
R
)
, (42)
cν``
′
L cR →
1
2
(
cν``
′
L + cR
)(
cfL + c
f
R
)
. (43)
The sum in Eq. (40) extends over all charged leptons (e, µ, τ) and heavy quarks (c) in the theory (a
factor Nc = 3 is obtained in the sum over colors for heavy quarks). We also include QCD corrections due
to exchanged gluons inside the quark loop; see Refs. [102–105] and Appendix A for exact expressions.
The momentum transfer in elastic neutrino-electron scattering is suppressed by the electron mass,
0 ≤ −q2 < 2mω. (44)
For neutrino beam energies smaller than 10 GeV, this implies |q2| . 0.01 GeV2. Consequently, the
contribution of loops with heavy quarks can be well approximated substituting Π
(
q2, mf
)→ Π (0, mf ).
3.3 Light-quark contribution
At small q2, QCD perturbation theory cannot be applied to evaluate the light-quark contribution in
Figure 5. We instead evaluate this contribution by relating it to measured experimental quantities.
For GeV energy neutrino beams, momenta in the range (44) are small compared to hadronic mass scales
and we thus evaluate the relevant hadronic tensor at q2 = 0. Neglecting NLO electroweak corrections to
the quark coefficients of Eqs. (24), the light-quark contribution in Eq. (40) may be written,
dσν`e→ν`edyn, uds =
α
pi
(
Πˆ
(3)
3γ (0)− 2 sin2 θW Πˆ(3)γγ (0)
)
dσ˜ν`e→ν`edyn, uds . (45)
The reduced cross section dσ˜ν`e→ν`edyn, uds is obtained replacing ν`e couplings in Eqs. (14, 15) as(
cν``
′
L
)2 → 2√2GF cν``′L , c2R → 2√2GF cR , cν``′L cR → √2GF (cν``′L + cR) . (46)
The quantity Πγγ is defined by the vacuum correlation function,
(qµqν − q2gµν)Πγγ(q2) = 4ipi2
ˆ
ddx eiq·x〈0|T{Jµγ (x) Jνγ (0)}|0〉 , (47)
where Jµγ =
∑
q Qq q¯γ
µq is the quark electromagnetic current. Similarly, Π3γ is given by
(qµqν − q2gµν)Π3γ(q2) = 4ipi2
ˆ
ddx eiq·x〈0|T{Jµ3 (x) Jνγ (0)}|0〉 , (48)
where Jµ3 =
∑
q T
3
q q¯γ
µq is (the third component of) the quark isospin current. The current-current
correlation functions Πˆ
(3)
ij (0) are evaluated at q
2 = 0 for nf = 3 flavors, in the MS scheme.
Unlike the light-quark contribution to the photon propagator, involving only Πˆγγ , the correction to
neutral current neutrino-electron scattering involves also Πˆ3γ , and cannot be directly related to the total
hadron production cross section in e+e− collisions. However, an approximate relation between Πˆ(3)γγ and
Πˆ
(3)
3γ holds in the limit of SU(3)f flavor symmetry for three light quarks [106, 107]. In general, the flavor
sums read
Πˆ(3)γγ =
∑
i,j
QiQjΠ
ij =
4
9
Πuu +
1
9
Πdd +
1
9
Πss − 4
9
Πud − 4
9
Πus +
2
9
Πds, (49)
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Figure 7: One-photon bremsstrahlung in elastic neutrino-electron scattering.
Πˆ
(3)
3γ =
∑
i,j
T 3i QjΠ
ij =
1
2
(
2
3
Πuu +
1
3
Πdd +
1
3
Πss −Πud −Πus + 2
3
Πds
)
. (50)
SU(3)f symmetry implies Π
uu = Πdd = Πss and Πud = Πus = Πds, and consequently, the simple rela-
tion [106] Πˆ
(3)
3γ (0) ≈ Πˆ(3)γγ (0). This allows us to express the entire light-quark contribution to the unpolar-
ized cross section dσν`e→ν`euds in terms of the single observable Πˆ
(3)
γγ (0).
For numerical evaluation, we use the dispersive analysis of e+e− cross section data and measurements
of hadronic τ decays combined with a model of the high-energy contribution in Refs. [108–110],
Πˆ(3)γγ (0)
∣∣
µ=2 GeV
= 3.597(21) . (51)
For comparison to the SU(3)f symmetry approximation, we may consider an alternative SU(2)f ansatz
that sets Πuu = Πdd, Πss = 0 and neglects disconnected, OZI-suppressed, terms, Πud = Πus = Πds = 0.
The flavor sums (49) and (50) then yield Πˆ
(3)
3γ = 9Πˆ
(3)
γγ /10, only a 10% correction to the SU(3)f symmetry
limit. In the final error budget, we consider a more conservative 20% uncertainty on this relation,
Πˆ
(3)
3γ (0) = (1± 0.2) Πˆ(3)γγ (0) . (52)
Renormalization scale dependence of the light-quark contribution (45) is perturbatively calculable. For
µ 6= 2 GeV, the additional correction corresponds with 3Π (0, mf = 2 GeV) of Eq. (39) for each quark
(accounting for Nc = 3 quark colors).
4 Real photon emission
Section 4.1 provides basic expressions for one-photon bremsstrahlung. We then study relevant differential
observables accounting for both soft and hard photons. We start with the electron energy, electron angle,
and photon energy triple-differential cross section in Section 4.2. Integrating over one energy variable, we
obtain double-differential distributions in Sections 4.3 and 4.4. The double-differential cross section w.r.t.
two energy variables is described in Section 4.5. We provide the distribution w.r.t. photon energy and
photon angle in Section 4.6. Integrating it over the photon angle, we provide the photon energy spectrum
in Section 4.7. Finally, we discuss the real soft-photon correction to elastic neutrino-electron scattering
and present electron and electromagnetic energy spectra in Sections 4.8 and 4.9, respectively. We also
provide the absolute scattering cross section in Section 4.10. Throughout this Section 4, we present all
expressions in the limit of small electron mass, and provide expressions for general mass in the Appendix.
For the energy spectra in Sections 4.8 and 4.9, we provide a general discussion of momentum regions at
arbitrary mass, but present the massless limit and relegate details to the Appendix.
4.1 Radiation of one photon
The one-photon bremsstrahlung amplitude T1γ , cf. Figure 7, contains terms corresponding to radiation
from the initial electron T1γi and from the final electron T
1γ
f :
T1γ = T1γi + T
1γ
f . (53)
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The amplitude T1γi is obtained from the tree-level amplitude with the substitution
e (p)→ eε∗ρ
p/ − k/ γ +m
(p− kγ)2 −m2
γρe (p) , (54)
where kγ is a photon momentum and ε
∗
ρ is the photon polarization vector. The amplitude T
1γ
f is obtained
from the tree-level amplitude with the substitution
e¯
(
p′
)→ eε∗ρe¯ (p′) γρ p/ ′ + k/ γ +m′
(p′ + kγ)2 −m′2
. (55)
Evaluating the spin-averaged squared matrix element,
∑
spin
|T1γ |2, we obtain for the bremsstrahlung
cross sections:
dσν`e→ν`eγLO =
α
4pi
mω
pi3
[(
cν`eL
)2
I˜L + c
2
RI˜R + c
ν`e
L cRI˜
L
R
]
, (56)
dσν¯`e→ν¯`eγLO =
α
4pi
mω
pi3
[(
cν`eL
)2
I˜R + c
2
RI˜L + c
ν`e
L cRI˜
L
R
]
, (57)
where terms I˜i contain the phase-space integration:
I˜i =
ˆ
Ri
m2ω2
δ4(k + p− kγ − k′ − p′)d
3~kγ
2kγ
d3~k′
2ω′
d3~p ′
2E′
, (58)
and kinematical factors Ri are expressed in terms of particle momenta as
RL = −IL
[
pµ
(p · kγ) −
p′µ
(p′ · kγ)
]2
m2ω2 +
(k · p′) (k′ · p′)
(kγ · p′) −
(k · p) (k′ · p)
(kγ · p) +
(k · p) (k′ · p′)
(kγ · p′) −
(k · p) (k′ · p′)
(kγ · p)
+
(k′ · p′) (k · kγ)
(kγ · p)
(
1 +
m2
(kγ · p) −
(p · p′)
(kγ · p′)
)
+
(k · p) (k′ · kγ)
(kγ · p′)
(
1− m
′2
(kγ · p′) +
(p · p′)
(kγ · p)
)
, (59)
RR = −IR
[
pµ
(p · kγ) −
p′µ
(p′ · kγ)
]2
m2ω2 +
(k · p′) (k′ · p′)
(kγ · p′) −
(k · p) (k′ · p)
(kγ · p) +
(k′ · p) (k · p′)
(kγ · p′) −
(k′ · p) (k · p′)
(kγ · p)
+
(k · p′) (k′ · kγ)
(kγ · p)
(
1 +
m2
(kγ · p) −
(p · p′)
(kγ · p′)
)
+
(k′ · p) (k · kγ)
(kγ · p′)
(
1− m
′2
(kγ · p′) +
(p · p′)
(kγ · p)
)
, (60)
RLR = −ILR
[
pµ
(p · kγ) −
p′µ
(p′ · kγ)
]2
m2ω2 − 2mm
′ (k · kγ) (k′ · kγ)
(p · kγ) (p′ · kγ) . (61)
Kinematical factors IL, IR, I
L
R are given in terms of momentum invariants in Eqs. (18-20), and are
evaluated in the kinematics of 2 → 3 scattering. Neutrino and antineutrino scattering are related by
the substitution RL ↔ RR (equivalently, k ↔ k′). The IR-divergent parts of RL and RR correspond to
integrals R and Rˆ in Ref. [25], respectively.
4.2 Triple-differential distribution
We evaluate the bremsstrahlung cross section using the integration technique of Ref. [22] and provide
expressions for the triple-differential cross section w.r.t. electron angle, electron energy and photon
energy keeping all electron mass terms in Appendix B. In the limit of small electron mass,3 the result can
be approximated by the following substitutions in Eqs. (56, 57):4
I˜L −→
ωm
(ω − ω′)
(
E′2 (2− z˜)2 + ω2
)
2|ω − (2− z˜) (ω − ω′) | −
E′
(
E′4(2− z˜)2 + E′2ω2(3z˜ − 5) + E′ω3(1− z˜) + ω4)
2 (ω − E′)3
3In the following, we denote the limit of small electron mass compared to all other relevant energy scales as ω  m.
4Note that suppressed terms in the lepton mass expansion of I˜L and I˜R contribute to the cross section at the same order
as I˜LR. For a consistent power counting, one has either to neglect the interference term completely or to expand I˜L and I˜R
further.
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+
E′2ω′
(
2E′3(1− z˜)(2− z˜) + E′2ω(13 + 2z˜(2z˜ − 7)) + 2E′ω2(4z˜ − 7) + 3ω3)
2(ω − E′)4
− E
′2ω′2
(
E′3(1− z˜)(2− z˜) + E′2ω(8 + z˜(4z˜ − 11)) + E′ω2 (z˜2 + z˜ − 4)+ ω3z˜)
2(ω − E′)5
]
D, (62)
I˜R −→
ωm
E′2 (1− z˜)2 + ω′2
2
[
ω − ω′
|ω − (2− z˜) (ω − ω′) | −
E′
ω − E′
]
D, (63)
I˜LR −→ωmm
[
E′2 (2− z˜) (z˜ − 1) + E′ (3ω′ − z˜ (ω + ω′))− ωω′
|ω − (2− z˜) (ω − ω′) | −
E′ (ω − (3− z˜)E′)
ω − E′
]
D, (64)
with the phase-space factor
D = pi
2
ω3
dz˜dE′dkγ
kγ
, (65)
where ω′ = ω − kγ − E′ and the variable z˜ ≤ 1 is introduced to emphasize the forward direction of the
relativistic electron:
1− cos θe ≡ m
ω
(1− z˜) . (66)
Note the difference between the electron scattering angle in the elastic process (Θe of Eq. (6)) and in the
scattering process with radiation (θe). At m→ 0, the physical region of kinematical variables is given by
0 ≤ E′ ≤ ω, 2− ω
E′
≤ z˜ ≤ 1, 0 ≤ kγ ≤ ω − E′. (67)
In the vicinity of the elastic peak,
z˜ → Z˜ = 1− ω
′
ω − ω′ , (68)
the cross section of Eqs. (62-64) diverges. The small mass approximation in Eqs. (62-64) is valid only
away from this region:
|z˜ − Z˜|  m
E′
k2γ
(E′ + kγ)2
ω′
ω − ω′ . (69)
For a correct description in the elastic peak region, and to obtain distributions (such as energy spectra)
that involve integration through this region, expressions with electron mass of Appendix B must be used.
4.3 Double-differential distribution in electron energy and electron angle
Integrating the triple-differential distribution over the photon energy kγ , we obtain the double-differential
cross section w.r.t. the recoil electron energy and electron angle. We provide the double-differential
distribution in electron energy and electron angle keeping all electron mass terms in Appendix C. In the
limit of small electron mass, the cross section is given by the following substitutions in Eqs. (56, 57):4
I˜i −→
ωm
pi2
ω2
(
ai + bi ln
m
2E′
+ ci ln
E′ + ω (1− z)
ω − E′ + di ln
2 (E′ − ω)2
m (zω − E′)
)
dzdE′
ω − E′ , (70)
with the coefficients ai, bi, ci and di:
aL =
ω4(E′(z(3− 2(7− 2z)z) + 16)− ω(8− z(8− (7− 3z)z)))
4(ω − E′)2(ωz − E′)
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+
E′2ω
(
E′2(4− z) + E′ω(2− (9− 2z)z)− ω2(4− z)(5− z(z + 3)))
4(ω − E′)2(ωz − E′) ,
aR =
−ω6(1− z)2(8− z(16− (15− 4z)z))− E′ω5 (8− z (35− z (4z3 − 14z2 + z + 36)))− 4E′2ω4
4(E′ + (1− z)ω)3(zω − E′)
+
E′4ω2(6 + (2− 5z)z) + 3E′3ω3(6− (2− z)(8− z)z)− E′2ω4z(24− z(66− (46− 9z)z))
4(E′ + (1− z)ω)3(zω − E′)
− E
′5ω(4− 3z)
4(E′ + (1− z)ω)3(zω − E′) ,
aLR = mω
E′(ω(2− (2− z)z)− E′z)
(E′ + ω(1− z))(ωz − E′) ,
bL = −
(ω − E′) ((E′ + ω(1− z))2 + ω2)
ωz − E′ ,
bR = −
(ω − E′) ((ω − E′)2 + ω2(1− z)2)
ωz − E′ ,
bLR = m
2(ω − E′) (E′2 + (ωz − E′)2)
E′(ωz − E′) ,
cL =
(ω − E′) ((E′ + ω(1− z))2 + ω2)
E′ + ω(1− z) ,
cR =
(ω − E′) ((ω − E′)2 + ω2(1− z)2)
E′ + ω(1− z) +
E′ω(ω − E′) (−2ω2(1− z)− E′(ωz − E′))
(E′ + ω(1− z))3 ,
cLR = m
2(ω − E′)(ωz − 2E′)
E′ + ω(1− z) ,
dL = (ω − E′)(E′ + ω(1− z))− E
′3ω
2(ω − E′)2 +
ω3
(
2E′2(3− z)− 4E′ω − ω2(2− z(6− (4− z)z)))
2(E′ − ω)2(E′ + ω(1− z)) ,
dR =
(E′ − ω)2
(E′ + ω(1− z))2dL −
(2− z)ω(ωz − E′)2 ((ωz − E′)2 + 2ω2(1− z))
2(E′ + ω(1− z))3 ,
dLR = m
(ωz − 2E′)2
E′ + ω(1− z) . (71)
The variable z ≤ 1 is introduced to emphasize the forward direction of the relativistic electron:
1− cos θe ≡ m
E′
(1− z) . (72)
At m→ 0, the physical region of kinematical variables is given by
m ≤ E′ ≤ ω, E
′
ω
≤ z ≤ 1. (73)
4.4 Double-differential distribution in electromagnetic energy and electron angle
To obtain the distribution w.r.t. the electromagnetic energy and electron angle, we use the neutrino
energy ω′ instead of kγ in the triple-differential cross section, change the integration order and integrate
first over the electron energy. The final neutrino energy determines the total electromagnetic energy EEM:
EEM = E
′ + kγ = m+ ω − ω′ and can be used to obtain EEM distributions since dEEM = −dω′.
In the limit of small electron mass, the neutrino energy and electron angle distribution is given by the
following substitutions in Eqs. (56, 57):4
I˜i −→
ωm
pi2
ω3
ai + bi|ω − (2− z˜) (ω − ω′) | + ci ln 1− z˜2− z˜ +
(
di +
ei
|ω − (2− z˜) (ω − ω′) |
)
ln
∣∣∣1−z˜2−z˜ − ω′ω ∣∣∣
1− ω′ω

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dz˜dω′, (74)
with the coefficients ai, bi, ci, di and ei:
aL =
(
2ω3(1− z˜)− ω2ω′(1− 4z˜)− 9ωω′2(5− 2z˜)− ω′3(23− 18z˜))ω
4ω′2
,
aR =
(1− z˜)2(−ω(9− 4z˜) + 2ω′(2− z˜))ω
4(2− z˜)2 ,
aLR =
3− z˜
2− z˜mω,
bL =
1
4
ω(ω − ω′)(−ω(5− 2z˜) + 2ω′(2− z˜)),
bR =
(1− z˜)2ω(ω − ω′)(−ω(5− 2z˜) + 2ω′(2− z˜))
4(2− z˜)2 ,
bLR =
ω(5− (5− 2z˜)z˜)− 2ω′(5− (4− z˜)z˜)
2(2− z˜) mω,
cL = −
ω
(
ω3(1− z˜) + 2ω2ω′z˜ + ωω′2(31− (37− 10z˜)z˜) + ω′3(18− (26− 9z˜)z˜))
2ω′2
− ω
2 (ω − ω′)3 (1− z˜)2
2ω′3
,
cR = −
ω
(
ω2(1− z˜)2 + ω′2)
2ω′
,
cLR = (2− z˜)
ω
ω′
mω,
dL =
(ω − ω′) (ω4(1− z˜)2 − ω3ω′(1− (3− 2z˜)z˜) + ω2ω′2(2− (1− z˜)z˜)− ωω′3(3− z˜) + ω′4(2− z˜))
2ω′3
,
dR =
(ω − ω′) (ω2(1− z˜)2 − 2ωω′(1− z˜)2 + ω′2(2− (2− z˜)z˜))
2ω′
,
dLR =
m(ω − ω′)(−ω(2− z˜) + ω′(3− z˜))
ω′
,
eL = −1
2
(ω − ω′) (ω2(5− (4− z˜)z˜)− 2ωω′(2− z˜)2 + ω′2(2− z˜)2) ,
eR = −1
2
(ω − ω′) (ω2(1− z˜)2 − 2ωω′(1− z˜)2 + ω′2(2− (2− z˜)z˜)) ,
eLR = m
(
ω2(2− (2− z˜)z˜)− 2ωω′(3− (3− z˜)z˜) + ω′2(5− (4− z˜)z˜)) . (75)
This approximation is valid only away from the elastic peak when z˜ → Z˜, cf. Eq. (68), when
|z˜ − Z˜|  m
E′
ω′
ω − ω′ . (76)
At m→ 0, the physical region is given by
0 ≤ ω′ ≤ ω, 1− ω
m
≤ z˜ ≤ 1. (77)
We discuss the double-differential distribution in electromagnetic energy and electron angle keeping
all electron mass terms in Appendix D.
4.5 Double-differential distribution in photon energy and electron energy
To obtain the distribution w.r.t. photon energy and electron energy, we can change the integration order
and integrate the triple-differential cross section first over electron scattering angle. In the limit of small
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electron mass, the leading terms of the photon energy and electron energy distribution are given by the
following substitutions in Eqs. (56, 57):4
I˜L −→
ωm
−29E′2 + 8E′kγ
(
ω′
ω − 3
)
+ k2γ
(
ω′2
ω2
− 6
)
12E2EM
+
1
2
(
1 +
E′2
E2EM
)
ln
2E′EEM
mkγ
Dγ , (78)
I˜R −→
ωm
−29E′2 ω′2ω2 + 8E′kγ
(
1− 3ω′ω
)
ω′
ω + k
2
γ
(
1− 6ω′2
ω2
)
12E2EM
+
1
2
(
1 +
E′2
E2EM
)
ω′2
ω2
ln
2E′EEM
mkγ
Dγ , (79)
I˜LR −→ωm
E′2
(
4
E2EM
ω2
− ω′ω
)
− E′kγ
(
1− 3ω′ω
)(
ω′
ω − 3
)
+ 3k2γ
ω′
ω
2E3EM
− E
′
ω2
(
1 +
k2γωω
′
E′E3EM
)
ln
2E′EEM
mkγ
mDγ ,
(80)
valid in the physical region, 0 ≤ E′ + kγ ≤ ω, with the phase-space factor Dγ :
Dγ = pi2 dkγ
kγ
dE′
ω
. (81)
We discuss the double-differential distribution in photon energy and electron energy keeping all electron
mass terms in Appendix E.
4.6 Double-differential distribution in photon energy and photon angle
Besides the electron angle, the photon scattering angle θγ can be measured in principle. We consider
the distribution w.r.t. the photon energy and the photon angle in the following. We present the double-
differential distribution in photon energy and photon angle keeping all electron mass terms in Appendix F.
In the limit of small electron mass, the cross section is given by the following substitutions in
Eqs. (56, 57):4
I˜i −→
ωm
pi2
ω3
(
ai + bi ln
m/2
ω − kγ (2− z¯)
)
dkγ
2kγ
dz¯
(2− z¯)2 , (82)
with coefficients:
aL = −k3γ(1− z¯)(2− z¯)3 + k2γω(2− 3z¯)(2− z¯)2 + 4kγω2z¯(2− z¯)− 2ω3(1 + z¯),
aR =
k2γ (−2kγ(1− z¯)(2− (2− z¯)z¯)(2− z¯)− ω(2− (2 + (7− 6z¯)z¯)z¯))
6
+
ω2 (kγ(2− z¯)(10− (24− (9 + 4z¯)z¯)z¯)− ω(12− (30− (15 + 2z¯)z¯)z¯))
3(2− z¯)2 ,
aLR =
m
(
k2γ(3− 2z¯)(1− z¯)(2− z¯)2 − kγω(6− z¯)z¯(2− z¯) + ω2(6− z¯)z¯
)
2− z¯ ,
bL = −ω
(
k2γ(2− z¯)2 − 2kγω(2− z¯) + 2ω2
)
,
bR = −
(1− z¯)2ω (k2γ(2− z¯)2 − 2kγω(2− z¯) + 2ω2)
(2− z¯)2 ,
bLR =
2m
(
k2γ(1− z¯)(2− z¯)3 − kγω(2− z¯) + ω2
)
2− z¯ , (83)
where the variable z¯ ≤ 1 is introduced to emphasize the forward direction of the photon:
1− cos θγ ≡ m
ω
(1− z¯) . (84)
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The photon angle w.r.t. the neutrino beam direction is bounded as
cos θγ ≥ 1− m
kγ
(
1− kγ
ω
)
, (85)
while the physical region for the photon energy is 0 ≤ kγ ≤ ω.
4.7 Photon energy spectrum
Integrating the double-differential distribution in photon and electron energies over the electron energy, or
the double-differential distribution in photon energy and photon scattering angle over the angle, we obtain
the photon energy spectrum. We present the photon energy spectrum keeping all electron mass terms in
Appendix G. The leading terms in the electron mass expansion are given by the following substitutions
in Eqs. (56, 57):
I˜L −→
ωm
pi2
ω
gL
(
kγ
ω
)
dkγ , (86)
I˜R −→
ωm
pi2
ω
gR
(
kγ
ω
)
dkγ , (87)
I˜LR −→ωm
pi2
ω
m
ω
gLR
(
kγ
ω
)
dkγ , (88)
with functions gL (x) , gR (x) and g
L
R (x) derived first in the present paper:
4
gL (x) =
(1− x) (x2 − 20x− 53)
12x
−
(
3 +
1
x
)
lnx− x
2 + x− 2
2x
ln
2ω (1− x)
m
+ ln
2ω
m
lnx+
pi2
6
− Li2x, (89)
gR (x) = −
(1− x) (37x2 + 223x+ 73)
36x
−
(
1
3x
+
9 + 5x
2
)
lnx+
(1− x) (x2 + 4x+ 1)
3x
ln
2ω (1− x)
m
+
(
ln
2ω
m
lnx+
pi2
6
− Li2x
)
(1 + x) , (90)
gLR (x) =
(1− x) (11− 13x)
4x
+
1− 2x
2x
lnx− (1− x)
2
x
ln
2ω (1− x)
m
. (91)
The integral of the photon energy spectrum obtained from Eqs. (86-88) is infrared divergent if extended
to arbitrary small photon energy. The total NLO cross section is obtained by implementing an infrared
regulator and including the (separately infrared divergent) virtual correction from Section 3.
4.8 Electron energy spectrum
All of our following calculations for neutrino and antineutrino scattering contain the same IR contribution
arising from the soft-photon phase space, when the elastic process (without radiation) and scattering with
bremsstrahlung are experimentally indistinguishable. The soft-photon contribution has to be accounted
for in differential cross sections w.r.t. one kinematical variable (except for the photon energy spectrum
of Section 4.7, where one simply evaluates the spectrum above a chosen minimum photon energy). The
amplitude T1γsoft for the radiation of one soft photon with energy kγ ≤ ε, where ε m, ω denotes a cutoff
regulator, can be expressed in factorizable form as
T1γsoft =
[
(ε∗ · p′)
(kγ · p′) −
(ε∗ · p)
(kγ · p)
]
eT, (92)
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where T corresponds to the amplitude without radiation. The corresponding contribution dσν`e→ν`eγsoft to
the bremsstrahlung spectrum is given by
dσν`e→ν`eγsoft =
α
pi
δsdσ
ν`e→ν`e
LO , (93)
with the soft correction factor δs [21, 25, 29, 37]:
δs =
1
β
(
Li2
1− β
1 + β
− pi
2
6
)
− 2
β
(
β − 1
2
ln
1 + β
1− β
)
ln
2ε
λ
+
1
2β
ln
1 + β
1− β
(
1 + ln
ρ (1 + β)
4β2
)
+ 1 . (94)
The velocity β of Eq. (32) (and ρ =
√
1− β2),
β =
√
1− m
2
E¯2
, (95)
now describes either electron or electromagnetic energy spectra and E¯ stands for the corresponding energy,
i.e., E¯ = E′ or E¯ = EEM. Note the exact cancellation of the IR divergence in the sum of vertex correction
and soft-photon emission, i.e., δs + δv does not depend on the fictitious photon mass λ [111–114]. The
correction of Eq. (94) comes entirely from the first (factorizable) terms in Eqs. (59-61) and still contains
an unphysical dependence on the photon energy cutoff ε.
For further evaluation of the electron angle distributions, we introduce the four-vector l [22]:
l = k + p− p′ =
(
l0, ~f
)
, (96)
with the laboratory frame values:
l0 = m+ ω − E′, (97)
f2 = |~f |2 = ω2 + β2E′2 − 2ωβE′ cos θe. (98)
Besides the soft-photon correction, the first factorizable terms in Eqs. (59-61) contribute from the
region kγ ≥ ε. It is convenient to split this contribution into two parts. There are no restrictions on the
phase-space integration in the region I: l2 = l20 − f2 ≥ 2ε (l0 + f). In the region II: l2 ≤ 2ε (l0 + f), which
includes the region of scattering with elastic kinematics, the phase space of the final photon is bounded
by
cos γ ≥ 1
f
(
l0 − l
2
2ε
)
, (99)
where γ is the angle between ~f and ~kγ . The bremsstrahlung contribution from region I, dσ
ν`e→ν`eγ
I ,
cancels the ln ε divergence of the soft-photon correction. It may be written as the sum of factorizable and
nonfactorizable corrections,
dσν`e→ν`eγI =
α
pi
δIdσ
ν`e→ν`e
LO + dσ
ν`e→ν`eγ
I,NF . (100)
The factorizable correction δI is obtained from the first, factorizable, terms in Eqs. (59-61), evaluating
kinematical factors IL, IR, I
L
R in the kinematics of elastic 2→ 2 process:
δI =
2
β
(
β − 1
2
ln
1 + β
1− β
)
ln
2 (1 + β) ε
βm (1 + cos δ0)
, (101)
where the angle δ0 is given by
cos δ0 =
ω2 − β2E′2 − l20
2βE′l0
. (102)
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The nonfactorizable part dσν`e→ν`eγI,NF is discussed below. The bremsstrahlung contribution from region II
can be expressed in factorizable form:
dσν`e→ν`eγII =
α
pi
δII dσ
ν`e→ν`e
LO , (103)
where
δII =
1
β
((
1
2
+ ln
ρ (1 + cos δ0)
4β
)
ln
1− β
1 + β
− Li2 1− β
1 + β
− Li2 cos δ0 − 1
cos δ0 + 1
+ Li2
(
cos δ0 − 1
cos δ0 + 1
1 + β
1− β
)
+
pi2
6
)
+ ln
1− β cos δ0
ρ
− 1. (104)
Consequently, the complete electron energy spectrum is given by
dσν`e→ν`eγLO +dσ
ν`e→ν`e
NLO =
[
1 +
α
pi
(δv + δs + δI + δII)
]
dσν`e→ν`eLO +dσ
ν`e→ν`e
v +dσ
ν`e→ν`e
dyn +dσ
ν`e→ν`eγ
NF , (105)
and does not depend on the unphysical parameters ε and λ. We remark that although individual correc-
tions contain double logarithms, i.e.,
δv ∼
β→1
−1
8
ln2 (1− β) , δs ∼
β→1
−1
4
ln2 (1− β) , δII ∼
β→1
3
8
ln2 (1− β) , (106)
the complete cross-section correction is free from such Sudakov double logarithms [115, 116]. In Ap-
pendix H, we obtain the remaining nonfactorizable piece dσν`e→ν`eγNF from the region of hard photons
(kγ ≥ ε), which contains dσν`e→ν`eγI,NF as well as the contribution beyond the first factorizable terms in
Eqs. (59-61), integrating the electron angle and electron energy distribution over the variable f (equiva-
lent to the electron scattering angle θe), and retaining all electron mass terms.
The resulting correction to the electron energy spectrum reproduces the result of Ref. [25] in the
limit m → 0, E′/ω = const. Besides the closed fermion loop contribution of Sections 3.2 and 3.3, it is
represented by the following substitutions in Eqs. (56, 57):
I˜L −→
ωm
pi2
ω
f−
(
E′
ω
)
dE′, (107)
I˜R −→
ωm
pi2
ω
(
1− E
′
ω
)2
f+
(
E′
ω
)
dE′, (108)
I˜LR −→ωm−
pi2
ω
m
ω
E′
ω
f−+
(
E′
ω
)
dE′, (109)
with functions f− (x) , f+ (x) [25], and f−+ (x) derived first in the present paper:4
f− (x) = −2
3
ln
2ω
m
+
(
ln
1− x√
x
+
x
2
+
1
4
)
ln
2ω
m
− 1
2
(
Li2(x)− pi
2
6
)
+
x2
24
− 11x
12
− 47
36
− 1
2
ln2
1− x
x
−
(
x
2
+
23
12
)
ln(1− x) + x lnx, (110)
(1− x)2 f+ (x) = −2
3
(1− x)2 ln 2ω
m
+
(
x− 1
2
+ (1− x)2 ln(1− x)
)
ln
2ω
m
− (1− x)
2
2
ln
1− x
x2
ln(1− x)
+
(
(1− x)x− 1
2
)(
Li2 (x) + ln
2ωx
m
lnx− pi
2
6
)
+
(
x2 +
x
2
− 3
4
)
lnx
− 31− 49x
72
(1− x) + 1− x
3
(
5x− 7
2
)
ln(1− x), (111)
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−xf−+ (x) = 2 + 2 lnx+
(
x− lnx− 1
2
)
ln
2ωx
m
+
(
3
2
x+
1
2
− x ln 2ωx
m
)
ln
1− x
x
+
1
2
x ln2(1− x)
+ (x− 1)
(
Li2 (x)− pi
2
6
+
5
4
)
. (112)
We observe that in exactly forward kinematics at electron threshold, when E′ = m, the energy
spectrum is given by the nonfactorizable contribution from the electromagnetic vertex and closed fermion
loops:
dσν`e→ν`eγLO + dσ
ν`e→ν`e
NLO −→E′→m dσ
ν`e→ν`e
NLO → dσν`e→ν`eLO + dσν`e→ν`ev + dσν`e→ν`edyn , (113)
with f2(0) = 1/2 in Eqs. (33, 35, 36) and Π (0,mf ) , Πˆ
(3)
γγ (0) , Πˆ
(3)
3γ (0) of Eqs. (40, 45). This equation
provides a universal limit for electron energy and electromagnetic energy spectra.
The electron energy spectrum has the following logarithmically-divergent behavior near its endpoint
E′ ≤ E′0 = m+ 2ω
2
m+2ω :
dσν`e→ν`eγLO + dσ
ν`e→ν`e
NLO
dσν`e→ν`eLO
≈ −α
pi
2
β
(
β − 1
2
ln
1 + β
1− β
)
ln
E′0 − E′
m
, (114)
as determined by infrared logarithms in Eqs. (34, 94).
4.9 Electromagnetic energy spectrum
We evaluate the bremsstrahlung cross section w.r.t. the sum of electron and photon energies considering
the final neutrino energy spectrum instead of the electron energy spectrum [22], see Section 4.4 for
explanations. For the neutrino scattering angle distributions, we introduce the four-vector l˜:
l˜ = k + p− k′ =
(
l˜0,
~˜
f
)
, (115)
with the laboratory frame values:
l˜0 = EEM, (116)
f˜2 = | ~˜f |2 = ω2 + ω′2 − 2ωω′ cos θν . (117)
Note the difference between the neutrino scattering angle in the elastic process (Θν of Eq. (3)) and in the
scattering with radiation (θν).
Below the endpoint of maximal electron energy, EEM ≤ E′0 = m + 2ω
2
m+2ω , we can use the same
integration technique as in Ref. [22]. Above the endpoint, the photon energy is bounded from below
kγ ≥ EEM − E′0 and there is no corresponding elastic process and no contribution from the soft region.
We consider these two regions separately in the following.
4.9.1 Below electron endpoint: EEM ≤ E′0 = m+ 2ω
2
m+2ω
The contribution from the soft-photon region kγ ≤ ε is given by Eqs. (93, 94). We split the integration
region with kγ ≥ ε for factorizable terms in Eqs. (59-61) into two regions similar to Section 4.8. In region
I: l˜2 − m2 = l˜20 − f˜2 − m2 ≥ 2ε
(
l˜0 + f˜
)
, there are no restrictions on the phase space. In region II:
l˜2 −m2 ≤ 2ε
(
l˜0 + f˜
)
, the phase space of the final neutrino is restricted to
cos γ˜ ≥ 1
f˜
(
l˜0 − l˜
2 −m2
2ε
)
, (118)
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where γ˜ is the angle between
~˜
f and ~kγ . The correction factor from region II, δII, cf. Eq. (103), is given by
δII = − 1
β
(
β − 1
2
ln
1 + β
1− β
)
ln
1 + β
1− β . (119)
Here β is expressed in terms of electromagnetic energy as in Eq. (95). As for the electron energy spectrum,
the bremsstrahlung contribution from region I may be written as the sum of factorizable and nonfactoriz-
able corrections, cf. Eq. (100). The factorizable correction δI is obtained from the first factorizable terms
in Eqs. (59-61), evaluating kinematical factors IL, IR, I
L
R in the kinematics of elastic 2→ 2 process:
δI =
2
β
(
β − 1
2
ln
1 + β
1− β
)
ln
ε
m
. (120)
In Appendix I we evaluate the remaining nonfactorizable piece dσν`e→ν`eγNF of the electromagnetic energy
spectrum below electron endpoint, performing straightforward integrations and keeping all electron mass
terms. It accounts for the region of hard photons (kγ ≥ ε), and contains dσν`e→ν`eγI,NF as well as the
contribution beyond the first factorizable terms in Eqs. (59-61).
The resulting correction to the electromagnetic energy spectrum reproduces the result of Refs. [27, 28]
in the limit m → 0, EEM/ω = const. Besides the closed fermion loop contribution of Sections 3.2 and
3.3, it is represented by the following substitutions in Eqs. (56, 57):
I˜L −→
ωm
pi2
ω
fL
(
EEM
ω
)
dEEM, (121)
I˜R −→
ωm
pi2
ω
(
1− EEM
ω
)2
fR
(
EEM
ω
)
dEEM, (122)
I˜LR −→ωm−
pi2
ω
m
ω
EEM
ω
fLR
(
EEM
ω
)
dEEM, (123)
with functions fL (x) , fR (x) [27, 28], and f
L
R (x) derived first in the present work:
4
fL (x) =
3x2 − 30x+ 23
72
− 2
3
ln
2ωx
m
− pi
2
6
, (124)
fR (x) =
−4x2 − 16x+ 23
72 (1− x)2 −
2
3
ln
2ωx
m
− pi
2
6
, (125)
fLR (x) =
x2 + 3x− 3
4x2
− 3
2
ln
2ωx
m
− pi
2
6
. (126)
In exactly forward kinematics at electromagnetic energy threshold when EEM = m, the electromagnetic
energy spectrum coincides with the electron energy spectrum, see Eq. (113).
Just below electron endpoint (EEM < E
′
0 = m +
2ω2
m+2ω ≈ ω), the electromagnetic energy spectrum,
besides the closed fermion loop contribution, is given by the following substitutions in the nonfactorizable
correction:4
I˜L −→
ωm−
pi2
3
(
ln
4ω2
m2
+
pi2
2
+
1
6
)
dEEM
ω
, (127)
I˜R −→
ωm
pi2
24
dEEM
ω
, (128)
I˜LR −→ωm
pi2
4
m
ω
(
3 ln
4ω2
m2
+
2pi2
3
− 1
)
dEEM
ω
. (129)
Equations (127, 128) are in agreement with the similar limit taken from the result of Refs. [27, 28].
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4.9.2 Above electron endpoint: EEM > E
′
0 = m+
2ω2
m+2ω
Above the electron endpoint energy, the corresponding elastic process is kinematically forbidden. For
ω  m, this region is relatively small but finite:
EEM − E′0 ≤
1
1 + m2ω
m
2
<
m
2
. (130)
Since the photon energy is bounded from below in this region, kγ > EEM − E′0, the calculation does
not require IR regularization. We present the electromagnetic energy spectrum above electron endpoint
keeping all electron mass terms in Appendix J.
The electromagnetic energy spectrum has the following logarithmically divergent behavior just above
the electron endpoint EEM > E
′
0 = m+
2ω2
m+2ω :
dσν`e→ν`eγLO
dσν`e→ν`eLO
≈ α
pi
2
β
(
β − 1
2
ln
1 + β
1− β
)
ln
EEM − E′0
m
. (131)
4.10 Absolute cross section
The resulting total cross-section correction, besides closed fermion loop contributions, in the ultrarela-
tivistic limit is given by the following substitutions in Eqs. (56, 57) for I˜L, I˜R [25], and I˜
L
R derived first in
the present paper:4
I˜L −→
ωm
pi2
24
(
19− 4pi2 − 16 ln 2ω
m
)
, (132)
I˜R −→
ωm
pi2
72
(
19− 4pi2 − 16 ln 2ω
m
)
+
pi2
3
, (133)
I˜LR −→ωm−
pi2
24
m
ω
(
15− 2pi2 − 36 ln 2ω
m
)
. (134)
Factors I˜L and I˜R of Eqs. (132, 133) can be obtained integrating Eqs. (124, 125) or Eqs. (110, 111) over the
energy variable. To evaluate the factor I˜LR, one has to regulate the logarithmic mass singularity properly
or take the limit from the general expression of Section K. Note the absence of double logarithms in the
resulting cross-section correction in Eqs. (124-126) and (132-134), although individual corrections contain
them, cf. Eq. (106). Note that the total elastic cross section at leading order is given by the following
substitutions in Eqs. (14, 15):ˆ
dω′ IL −→
ωm ω,
ˆ
dω′ IR −→
ωm
ω
3
,
ˆ
dω′ ILR −→ωm −
m
2
. (135)
Results for the absolute cross section including the electron mass dependence are presented in Appendix K.
5 Illustrative results
Our results may be used to compute absolute and differential cross sections for neutrino-electron scattering
over a broad range of energies and experimental setups. We focus on the application to flux normalization
at accelerator-based neutrino experiments in this Section.
5.1 Total cross section: energy dependence and error analysis
The total cross sections for νµe, νee, ν¯µe and ν¯ee scattering are shown in Figure 8. For ω  m, cross
sections grow approximately linearly with neutrino beam energy. As a benchmark point, we determine at
ω = 1 GeV:
σ[νµe→ νµe(γ)] =
[
1.5724× 10−42 cm2]× [1± 0.0037had ± 0.0003EW ± 0.00007pert] . (136)
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Figure 8: Total cross section in the (anti-)neutrino-electron scattering processes νµe → νµe(Xγ), νee →
νee(Xγ), ν¯µe→ ν¯µe(Xγ) and ν¯ee→ ν¯ee(Xγ) as a function of (anti-)neutrino beam energy.
The cross section is evaluated using four-flavor QCD, with running QED and QCD couplings α(µ) and
αs(µ) evaluated using 2 and 5 loop running, respectively, with α(2 GeV) = 1/133.307 and αs(2 GeV) =
0.3065. The uncertainties in Eq. (136) are from: (i) the hadronic parameter Πˆ
(3)
3γ (0)/Πˆ
(3)
γγ (0) in Eq. (52)
and from Πˆ
(3)
γγ (0) in Eq. (51);5 (ii) from uncertainties in the four-fermion operator coefficients c
ν``
′
L , cR
in Table 1; and (iii) from higher-order perturbative corrections, estimated by varying renormalization
scale µ20/2 < µ
2 < 2µ20, where µ0 = 2 GeV. For simplicity, we evaluate the light-quark contribution
of Eq. (45) neglecting NLO electroweak corrections and renormalization group corrections to the four-
fermion operator coefficients, taking for definiteness GF = 1.166379× 10−5 GeV−2 and sin2 θW = 0.23112
in Eqs. (45) and (46); it is straightforward to include these corrections, whose impact is given by the
few permille shift in the coefficients [47], times the ∼ 1% fractional contribution of light quarks to the
cross section. The charm-quark contribution in Eq. (40) is evaluated including the O(αs) and O(α2s)
corrections from Appendix A and using the MS mass mˆc(2 GeV) = 1.084 GeV (corresponding to mˆc(mˆc) =
1.27(2) GeV [117]). The fractional uncertainty coming from the charm quark mass error is ≈ 2×10−5 and
is not displayed in Eq. (136), nor is the uncertainty of similar magnitude coming from higher orders in
GF expansion. The e-, µ- and τ -lepton contributions in Eq. (40) are evaluated using lepton pole masses
and the complete kinematic dependence of Π(q2,m`) in Eq. (39).
6
For ω  m, the relative cross section error is approximately constant, independent of neutrino energy.
Relative uncertainties on total cross sections from different sources are summarized in Table 2. The
dominant uncertainty from the light-quark contribution in differential and absolute cross sections can be
5The error of Πˆ
(3)
γγ (0) in Eq. (51) contributes ±0.00006.
6One can safely evaluate τ -lepton contribution considering Π(0,mτ ) since |q2|  m2τ .
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Table 2: Relative errors of the total neutrino-electron scattering cross section.
light-quark correction effective couplings higher orders
νµe→ νµe(Xγ) 0.37 % 0.034 % . 0.008 %
ν¯µe→ ν¯µe(Xγ) 0.31 % 0.029 % . 0.005 %
νee→ νee(Xγ) 0.26 % 0.024 % . 0.007 %
ν¯ee→ ν¯ee(Xγ) 0.36 % 0.033 % . 0.006 %
expressed as7
δ
(
dσν`e→ν`euds
dE′
)
≈ ηGFm√
2pi
α
pi
Πˆ(3)γγ (0)
∣∣∣∣cν`eL IL + cRIR + cν`eL + cR2 ILR
∣∣∣∣ , (138)
δσν`e→ν`euds ≈ η
GFmω√
2pi
α
pi
Πˆ(3)γγ (0)
(
2ωcν`eL
m+ 2ω
+
(
1− m
3
(m+ 2ω)3
)
cR
3
− mω
(
cν`eL + cR
)
(m+ 2ω)2
)
, (139)
with the relative uncertainty η = (Πˆ
(3)
3γ (0) /Πˆ
(3)
γγ (0) − 1.0) ≈ 0.2 and the substitution cν`eL ↔ cR in the
case of antineutrino scattering.
5.2 Electron and total electromagnetic energy spectra
Figures 9 and 10 display the typical size of the radiative corrections to energy spectra w.r.t. the final
electron energy (E¯ = E′), and w.r.t. the total electromagnetic energy (i.e., the electron energy plus
photon energy, E¯ = E′+kγ). We consider muon type neutrinos and antineutrinos, the primary component
in the accelerator neutrino beam. In these Figures, we show the quantity δ representing the radiative
correction normalized to the leading-order elastic cross section:
δ =
dσν`e→ν`eγLO + dσ
ν`e→ν`e
NLO − dσν`e→ν`eLO
dσν`e→ν`eLO
. (140)
The correction to the electromagnetic energy spectrum is relatively flat over a wide energy, whereas
the correction to the electron energy spectrum is logarithmically divergent below electron endpoint, cf.
Eq. (114). The logarithmic divergence of the electromagnetic energy spectrum above the electron end-
point, cf. Eq. (131), is not seen in Figure 9 due to the small size of the region in Section 4.9.2 compared
to the scale of the Figure. Both corrections start from the limit of Eq. (113) at E¯ = m. Note that the
correction δ depends on the renormalization scale µ since the numerator does not contain the leading-
order elastic process, rather just the virtual correction to it, leaving the scale dependence of the closed
fermion loops (Sections 3.2 and 3.3) without cancellations. The large renormalization scale dependence
in Figures 9 and 10 illustrates the cancellations occurring between LO and NLO in arriving at the total
cross section in Eq. (136). Other uncertainties are not shown in the figure.
5.3 Electron angular spectrum
In this Section, we consider the angular smearing of differential cross sections. It can be presented as a
function of the variable X:
X = 2m
(
1− E¯
ω
)
, (141)
7It can be seen, cf. Eq. (138), that the muon antineutrino-electron scattering cross section is free from hadronic uncertainty,
and also effective coupling uncertainty induced by cR, at the particular recoil antineutrino energy ω˜:
ω˜ =
√(
c
νµe
L + cR
)2
m2 + 8c
νµe
L
(
c
νµe
L + cR
)
mω − 16cνµeL cRω2 −
(
c
νµe
L + cR
)
m
4c
νµe
L
−→
ωm
√
−cR
c
νµe
L
ω. (137)
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Figure 9: Radiative corrections to the neutrino-electron scattering process νµe→ νµe(Xγ) for two neutrino
beam energies ω = 1, 10 GeV. The quantity δ is defined in Eq. (140) and strongly depends on the MS scale
µ. Three curves for µ = µ0/
√
2, µ = µ0 and µ =
√
2µ0 with µ0 = 2 GeV are presented. The solid and
dashed-dotted curves correspond with electron spectrum, i.e., E¯ = E′, dashed curves with electromagnetic
spectrum, i.e., E¯ = E′ + kγ . Uncertainties are not shown on this plot with a scale-dependent quantity.
Lower curves correspond to larger value of µ.
which becomes X ≈ E′θ2e for (anti-)neutrinos of high energy in case of the electron energy spectrum. We
present the resulting NLO spectrum in Figures 11 and 12 for two (anti-)neutrino beam energies: ω = 1 GeV
and 10 GeV. Although the electromagnetic and electron energy spectra integrate to the same total cross
section, shape effects induced by radiative corrections can potentially impact the calibration of neutrino
flux. For example, experimental cuts requiring a minimum observed energy will result in different numbers
of accepted events depending on which distribution (electromagnetic or electron energy) is chosen. In a
practical analysis, neither the electron spectrum nor the electromagnetic spectrum will perfectly represent
the experimental conditions, and the more general distributions presented elsewhere in this paper can be
used.
Results comparing E′ and EEM distributions after averaging over typical experimental flux profiles
are collected in Appendix L.
6 Conclusions and outlook
In this work, we have presented analytical results for elastic (anti-)neutrino-electron scattering starting
from four-fermion effective field theory. Total cross sections, the electron and electromagnetic energy
spectra as well as double- and triple-differential cross sections were presented in a relatively compact
form. Our results can be applied to improve constraints of neutrino flux measurements via elastic neutrino-
electron scattering. All expressions were obtained for finite electron mass and can also be used in low
energy applications such as oscillation measurements with solar and reactor (anti-)neutrinos.
Next-to-leading order corrections with bremsstrahlung of one photon are typically of order few per-
cent and depend on the experimental setup. For instance, as discussed in Section 5.3, electron and
electromagnetic energy spectra differ significantly. Although these two spectra integrate to the same total
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Figure 10: Same as Figure 9 for antineutrino-electron scattering process ν¯µe → ν¯µe(Xγ). Uncertainties
are not shown on this plot with a scale-dependent quantity. Lower curves correspond to large value of µ
for E¯/ω . 0.07− 0.1 and to smaller value of µ above.
cross section, kinematical cuts can alter inferred flux constraints if radiative corrections are not matched
correctly to experimental conditions. Future precise measurements of the electron angular spectrum in
neutrino-electron scattering can provide energy-dependent neutrino flux constraints. Our results provide a
complete description of the kinematic dependence of radiative corrections needed to control uncertainties
in neutrino energy reconstruction.
We provided a complete error budget for neutrino-electron scattering observables. The light-quark
contribution to the radiative correction is the dominant source of uncertainty. We have expressed this
contribution in terms of well-defined Standard Model observables, independent of “constituent quark”
models used in previous treatments, and determined the relevant hadronic parameter, denoted Πˆ
(3)
3γ (0),
using SU(3)f symmetry to relate it to the experimentally constrained parameter Πˆ
(3)
γγ (0). To further
pin down the uncertainty of this light-quark contribution, one can evaluate closed fermion loop contri-
bution within the dispersion relation approach decomposing e+e− cross section data and measurements
of hadronic τ decays into flavor components [106, 107, 110, 118–120] or perform a calculation in lattice
QCD [121].
We note that due to the restrictive kinematics of neutrino-electron scattering (|q2| < 2mω for the
elastic process) the light-quark contribution enters as a single constant, representing the q2 → 0 limit of
the relevant hadronic tensor. This single constant will also impact (and may be constrained by) other
low q2 processes such as coherent neutrino-nucleus scattering.
Besides its phenomenological relevance, the neutrino-electron scattering process provides an analyti-
cally calculable prototype for the more complicated case of neutrino-nucleus scattering [122]. In general,
radiative corrections can be decomposed (“factorized”) into soft and hard functions using effective field
theory [123]. The soft functions depend on experimental configuration but are independent of hadronic
physics and describe universal large logarithms that are present in general kinematics. The hard functions
are independent of experimental configuration and describe hadronic physics. In neutrino-electron scat-
tering the analogous hard functions are perturbatively calculable whereas in neutrino-nucleus scattering
they must be parameterized and experimentally constrained.
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Figure 11: Energy spectrum in the neutrino-electron scattering νµe → νµe(γ), plotted as a function of
X = 2m(1 − E¯/ω) for two neutrino beam energies ω = 1, 10 GeV. The solid and dashed-dotted curves
correspond with electron spectrum, i.e., E¯ = E′, dashed curves with electromagnetic spectrum, i.e.,
E¯ = E′ + kγ .
Acknowledgments
We thank K. McFarland for useful discussions. O. T. thanks Matthias Heller for useful discussions regard-
ing radiative corrections in QED. Work supported by the U.S. Department of Energy, Office of Science,
Office of High Energy Physics, under Award Number DE-SC0019095 and by the Deutsche Forschungsge-
meinschaft DFG through the Collaborative Research Center [The Low-Energy Frontier of the Standard
Model (SFB 1044)]. FeynCalc [124, 125], LoopTools [126], JaxoDraw [127], Mathematica [128] and Data-
Graph were extremely useful in this work.
A QCD correction to QED vacuum polarization
For quark loop contributions in Section 3.2, we include the leading QCD correction due to one exchanged
gluon inside the quark loop. This correction modifies the form factor Π in Eq. (39) as Π → Π + ΠQCD
with ΠQCD from Refs. [102–105]:8
ΠQCD =
αs
3pi
(
ln
µ2
m2f
− 4ζ (3) + 55
12
+
4m2f
q2
V1
(
q2
4m2f
))
, (142)
where αs is a strong coupling constant, ζ (s) denotes the Riemann zeta functions and the function V (r)
is given by (for spacelike momentum transfer, r < 0)
V (r) =
√
1− 1
r
(
8
3
(
r +
1
2
)(
Li2
(
r2−
)− Li2 (r4−)+ ln −64 (1− r)2 rr3+ ln r+
)
− 2
(
r +
3
2
)
ln r+
)
8Note that the color factor applies as Nc
(
Π + ΠQCD
)
.
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Figure 12: Same as Figure 11 for antineutrino-electron scattering process ν¯µe→ ν¯µe(Xγ).
+ 4
(
r − 1
4r
)(
2Li3
(
r2−
)− Li3 (r4−)+ 83 (Li2 (r2−)− Li2 (r4−)) ln r+
)
+
13
6
+
ζ (3)
r
+
16
3
(
r − 1
4r
)
ln
8(1− r)√−r
r3+
ln2 r+ − 8
(
r − 1
6
− 7
48r
)
ln2 r+, (143)
with notations r± =
√
1− r ± r. As discussed at the end of Section 3.2, the relevant limit for neutrino-
electron scattering is −q2 → 0, corresponding with
ΠQCD
∣∣∣∣∣
q2→−0
=
αs
3pi
(
ln
µ2
m2f
+
15
4
)
. (144)
For practical evaluation of c-quark contribution, we take the well-convergent expression in terms of
MS quark mass mˆc from Refs. [108, 129–131]:
Π =
1
3
ln
µ2
mˆ2c
+
αs
3pi
(
− ln µ
2
mˆ2c
+
13
12
)
+
α2s
3pi2
(
655
144
ζ (3)− 3847
864
− 5
6
ln
µ2
mˆ2c
− 11
8
ln2
µ2
mˆ2c
+ nq
(
361
1296
− 1
18
ln
µ2
mˆ2c
+
1
12
ln2
µ2
mˆ2c
))
,(145)
where nq = 4 denotes the number of active quarks. The correction of order α
2
s in Eq. (145) does not
change our results within significant digits.
B Triple-differential distribution
We evaluate the bremsstrahlung cross section following Ref. [22]. For the electron angle distributions, we
introduce the four-vector l:
l = k + p− p′ =
(
l0, ~f
)
, (146)
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with the laboratory frame values:
l0 = m+ ω − E′, (147)
f2 = |~f |2 = ω2 + β2E′2 − 2ωβE′ cos θe. (148)
Note the difference between electron scattering angle in the elastic process (Θe of Eq. (6)) and in the
scattering with radiation (θe).
The triple-differential cross section w.r.t. electron angle, electron energy and photon energy is given
by the following substitutions in Eqs. (56, 57):
I˜L →
(
l2f2
(
(m+ ρkγ) l
2 − 2ρm2kγ
)
4
√
d
− mωf
2
(
(m+ ρkγ)
(
ρ
(
l2 − 2ml0
)− 2m2)+ 2ρm3)
ρ
√
d
+
(
ρm
(
k2γ −m2
)− ρ (m+ kγ) (l2 − 2ml0 +m2)+ (2m+ 3kγ)m2)σ
8ρ2mkγf2
− (m+ kγ)σ
2
32ρ2mkγf4
−
4 (1− ρ)m (m+ kγ) l2
(
l2 − 4kγl0 + 4k2γ
) (
ρ (m+ ω) l2 + (1− ρ)m (m+ ω)2 − (1 + ρ)mω2
)
64ρ2kγmf4
−
(
l2 − 2mω)2
8kγ
+
kγ
(
l2 −m (m+ 2ω))
2
− ρl
4 − 2m (2ρω + (2 + ρ)m) l2 + 8m2ω (ρl0 + 2m)
8ρm
− ρ
2kγm
4ω2f4σ
d3/2
− l
6 (m+ kγ)
(
l2 − 4kγl0 + 4k2γ
)
64kγmf4
)
Dm, (149)
I˜R →
f2
(
(ρkγ +m)
(
l2 − 2ml0
)2
+ 4m2
(
ρkγ
(
(l0 − kγ)2 −m (2l0 − kγ)
)
+m (l0 − kγ)2
))
4
√
d
+
ρm2f2l2kγ
2
√
d
−
(
l2 − 2ml0
)2
8kγ
− l
4
8m
− ρ
2kγm
4f4 (l0 − kγ)2 σ
d3/2
+
(2l0 −m) l2
4
+
1
2
kγm (2l0 − kγ −m)−ml0 (l0 −m)
)
Dm, (150)
I˜LR →
m
(
m
(
(1− ρ) (4m2l20 − 2m (l0 +m) l2)− ρl4)+ 4kγρ(−f2 −m2 + ml02 ) l2)
8ρkγf2
−
f2m
(
ρ2
(
l2 +m2 − 2mkγ
) (
l2 −m2)+ 4ρkγm3 + (2− ρ)2m4)
2ρ
√
d
+
ρ(1− ρ)kγm6f4σ
d3/2
+
ρ2k2γm
5f4σ
d3/2
+
m3
(
l20 + f
2 + (ρ− 1)ml0
)
2ρf2
)
Dm, (151)
with the kinematical notations:
σ = 2
(
βρE′
(
l2 − 2kγl0
) (
ω cos θe − βE′
)
+ 2kγmf
2
)
, (152)
d = β2m2l2ω2
(
l2 + 4k2γ − 4kγl0
)
sin2 θe +
σ2
4
, (153)
where the phase-space factor Dm is given by
Dm = pi
2
m2ω2
df
dkγ
kγ
dE′
ω
. (154)
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The physical region of variables corresponding to the radiation of hard photons with energy kγ ≥ ε
(ε m, ω), is the following (see Section 4.8 for a description of hard and soft-photon regions):
m+
2ε2
m− 2ε ≤ E
′ ≤ m+ 2 (ω − ε)
2
m+ 2 (ω − ε) , (155)
|ω − |~p ′|| ≤ f ≤ l0 − 2ε, (156)
l0 − f
2
≤ kγ ≤ l0 + f
2
. (157)
We keep the exact dependence on the unphysical parameter ε which is important in the evaluation
of electron energy spectrum in Section 4.8. Our integration region in Eqs. (155-157) corresponds to the
region I in Section 4.8.
C Double-differential distribution in electron energy and electron an-
gle
Integrating Eqs. (149-151) over the photon energy kγ , we obtain the double-differential cross section w.r.t.
the recoil electron energy and angle. The result is given by the following substitutions in Eqs. (56, 57):
I˜i → pi
2m
ω3
(
ai + bi ln
1 + β
1− β + ci ln
l0 + f
l0 − f + di ln
l0 − βf cos δ −√g
l0 − βf cos δ +√g
)
dfdE′
− pi
2
ω
2
β
(
β − 1
2
ln
1 + β
1− β
)
Ii
df2
l2
dE′, (158)
with g = (f cos δ − βl0)2 + ρ2f2 sin2 δ and the angle δ between vectors ~l and ~p ′:
cos δ =
ω2 − β2E′2 − f2
2βE′f
. (159)
Kinematical factors IL, IR, I
L
R in Eq. (158) correspond to 2→ 2 process.
The coefficients in integrals I˜i are given by
aL =
f (2ω −m)
2m2
−
β cos δ
(
3
4 l
2 − f22ρ − E′l0 − 2mω
)
ρm2
−
(
1 + β2 cos2 δ
)
f(l0 + 2m)
4ρ2m2
− β
2l2
(
1− 3 cos2 δ) (l0 − 4m)
8ρ2m2f
− (f − βl0 cos δ)
(
l2 −m (52 l0 −m+ 3E′))
2ρm3
,
bL =
fl2
4βm3
− ωf
βm2
,
cL =
β2l2
(
1− 3 cos2 δ) (l2 − 4l0m)
16ρ2f2m2
− l
2
(
l2 − 2s)
8m4
− ω (m+ ω)
m2
− β cos δ
(
l2
(
l2 − 4l0m−mE′ +m2
)
+ 4m2ωl0
)
4ρfm3
,
dL = −
ρf
((
l2 − s)2 + s (s− 2m2))
8
√
gm4
− fρω
2
√
gm
,
aR =
3β2ρ2f3l2 sin2 δ
(
l0−βfcosδ
4mρ + 1
)
2g2m
−
f
(
l2 − 11l0m2 +m2
)
2m3
+
β2f
(
2f2 + 3l20
)
2gm
+
f2ρ
(
βcosδ
(
f2 + 2l0 (ω − 6E′)
)
+ f (2m− 3l0)
)
4gm2
,
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bR =
l2f
4βm3
− l0f
βm2
,
cR = −
l2
(
l2 − 4m (l0 − m2 ))
8m4
− l0 (l0 −m)
m2
,
dR =
βfl2
((
2l0ρ−m
(−2ρ2 + ρ+ 1)) (βl0 − fcosδ)− 12βρl2)
4g3/2m2
− ρ
2fl0
(
f (f − βl0cosδ) + 12β2l2
)
g3/2m
− ρf
(
l2
(
l2 − 4l0m+ 2m2
)
+ 8l0m
2 (ω − 2E′))
8
√
gm4
+
3β2ρ3f3l2 sin2 δ
(
l2 + 4E′ (l0 − βf cos δ)
)
16g5/2m2
,
aLR =
βf(βl0 − f cos δ)
g
− β cos δ
ρ
,
bLR = −
ρfl2
2βm3
,
cLR =
βl0 cos δ
2ρf
− l
2 −m (m+ E′)
2m2
,
dLR =
ρf
(
(m+ 2E′)m− l2)
2m2
√
g
− ρ
2f2(f − βl0 cos δ)
2g3/2
.
D Double-differential distribution in electromagnetic energy and elec-
tron angle
To obtain neutrino energy (equivalently, electromagnetic energy) and electron angle distribution, Eqs. (149-
151) can be integrated over the electron energy, exploiting the energy conservation: kγ = m+ω−ω′−E′.
The integration measure of Eq. (154) is replaced as
Dm = pi
2
m2ω2
df
dkγ
kγ
dE′
ω
→ pi
2
m2ω2
d cos θe
dω′
kγ
βE′dE′
f
. (160)
The physical integration region is contained in
0 ≤ ω′ ≤ ω, (161)
0 ≤ cos θe ≤ 1, (162)
m ≤ E′ ≤ m(m+ ω)
2 + ω2 cos2 θe
(m+ ω)2 − ω2 cos2 θe
, (163)
which is actually larger than the physical region. The extraneous regions I and II are above the electron
endpoint (EEM ≥ E′0 = m+ 2ω
2
m+2ω ) and below it (EEM ≤ E′0 = m+ 2ω
2
m+2ω ):
region I : 0 ≤ ω′ ≤ mω
m+ 2ω
, (164)
2
√
ω′ (m− ω′) (ω − ω′) (m+ ω − ω′)
mω
≤ cos θe ≤ 1, (165)
E′−
(
ω′
) ≤ E′ ≤ E′+ (ω′) , (166)
region II :
mω
m+ 2ω
≤ ω′ ≤ ω, (167)
m+ ω
ω
√
ω − ω′
2m+ ω − ω′ ≤ cos θe ≤ 1, (168)
E′−
(
ω′
) ≤ E′ ≤ m(m+ ω)2 + ω2 cos2 θe
(m+ ω)2 − ω2 cos2 θe
. (169)
33
Here E′± (ω′) stand for two solutions (E+ ≥ E−) of
cos θe =
E′(m+ ω − 2ω′)−m2 +m(2ω′ − ω) + 2ω′(ω − ω′)
ω
√
E′2 −m2 . (170)
The presentation here in terms of a larger region (161-163) and subtractions (164-169) is designed as
a simple description of the actual physical region. In practice, one may perform the integration over this
larger region and use subtractions above the electron endpoint EEM ≥ E′0 = m+ 2ω
2
m+2ω ; or one may break
up the integration region (161-163) and integrate once only over the physical region in any case.
E Double-differential distribution in photon energy and electron en-
ergy
To obtain the distribution w.r.t. the photon energy and electron energy, Eqs. (149-151) can be integrated
first over the variable f after the change of the integration order. The kinematical region of electron
energy is bounded as
m ≤ E′ ≤ m+ 2ω
2
m+ 2ω
. (171)
The physical region of f for different values of kγ is then given by
0 ≤ kγ ≤ l0 − |ω − |~p
′||
2
, l0 − 2kγ ≤ f ≤ l0; (172)
l0 − |ω − |~p ′||
2
≤ kγ ≤ l0 + |ω − |~p
′|
2
, |ω − |~p ′|| ≤ f ≤ l0; (173)
l0 + |ω − |~p ′||
2
≤ kγ ≤ l0, −l0 + 2kγ ≤ f ≤ l0. (174)
F Double-differential distribution in photon energy and photon angle
We evaluate the bremsstrahlung cross section w.r.t. photon energy and photon angle considering the final
photon energy spectrum instead of the electron spectrum [22], see Section 4.4 for explanations. For the
photon scattering angle (w.r.t. neutrino beam direction) distributions, we introduce the four-vector l¯:
l¯ = k + p− kγ =
(
l¯0,
~¯f
)
, (175)
with the laboratory frame values:
l¯0 = m+ ω − kγ , (176)
f¯2 = | ~¯f |2 = ω2 + k2γ − 2ωkγ cos θγ , (177)
where θγ denotes the photon scattering angle.
The photon energy spectrum accounting for electron mass terms is given by the following substitutions
in Eqs. (56, 57):
I˜i → pi
2
2mω2
(
ai
(
l¯2 −m2)+ bi ln m2
l¯2
)
f¯df¯(
l¯2 − s)2 dkγ , (178)
with s = m2 + 2mω and coefficients ai and bi in Eq. (178):
aL =
(
l¯2 −m2)2 (2l¯2(kγ l¯0 +m(2l¯0 −m)) +m (−2l¯20(2ω +m) + l¯0m(6ω +m)− 3m2ω))
4k2γ l¯
2mω
34
− 4mω
3
(
m(2kγ − ω +m) + l¯2
)− ω(ω − kγ) (3l¯4 − 6l¯2 l¯0m−m3(2l¯0 − 5m))
k2γ l¯
2
− 2ω
2
(
l¯4 − l¯2m(5l¯0 − 3m) +m2(2l¯0 − 3m)(l¯0 − 2m)
)
k2γ l¯
2
−
(
l¯2 −m2)2 l¯2(kγ +m)
4k2γm
2ω
,
aR/
(
l¯2 −m2)
f¯2 − (l¯0 −m)2
= −m
(
l¯2 − s) (−4k3γ(11ω + 17m)− 4k2γ (35ω2 + 103m2)− 3kγm2(12ω + 29m))
12k2γ l¯
6ω
− 2m
3s
(
k2γ
(
344ω2 + 1116mω + 537m2
)
+m
(
312ω3 + 501mω2 + 342m2ω + 72m3
))
3l¯6ω
(
l¯2 −m2) (f¯2 − (l¯0 −m)2)
− 4m
2s2
(
6k2γm
(
27ω2 + 93mω + 46m2
)
+ kγs
(
51ω2 + 154mω + 108m2
)− 3smω2)
3l¯6ω
(
l¯2 −m2) (l¯2 − s) (f¯2 − (l¯0 −m)2)
− m
3
(
l¯2 − s) (4k2γ (64ω2 + 197mω + 96m2)+ kγm (2950ω2 + 3376mω + 1191m2))
3l¯6ω
(
l¯2 −m2) (f¯2 − (l¯0 −m)2)
− m
2
(
l¯2 − s) (−4k2γω + kγ (268ω2 + 794mω + 384m2)+ 2m2 (785ω + 327m))
6l¯6ω
(
f¯2 − (l¯0 −m)2
)
− 2m
2s
(
k2γm
(
590ω3 + 2106mω2 + 2144m2ω + 617m3
)
+ 92kγmω
4 − 2s2ω2)
3kγ l¯6ω
(
l¯2 −m2) (f¯2 − (l¯0 −m)2)
− m
2
(
l¯2 − s) (2ω2kγ (162ω + 579m)−m (16ω3 − 18mω2 − 105m2ω − 64m3))
6kγ l¯6ω
(
f¯2 − (l¯0 −m)2
)
− 4m
3
(
l¯2 − s) (193k2γω3 −m (4ω2 + 2mω − 3m2) (ω2 +mω +m2))
3kγ l¯6ω
(
l¯2 −m2) (f¯2 − (l¯0 −m)2) + 11
(
l¯2 −m2)
6l¯4
− m
3
(
l¯2 − s) (184ω4 + 740mω3 + 1344m2ω2 + 1167m3ω + 405m4)
3l¯6ω
(
l¯2 −m2) (f¯2 − (l¯0 −m)2) + 106m
2
(
l¯2 − s)
3l¯6
+
(
l¯2 −m2) (k2γ + 11kγm+ (ω2 + 6m2))
3kγ l¯4ω
+
(kγ +m)
(
l¯2 −m2) (f¯2 − (l¯0 −m)2)2
12k2γm
2ω
(
l¯2 − s)2
− 8kγm
3s3
(
48kγs+ ω
2(27kγ −m)
)
3l¯6ω
(
l¯2 −m2) (l¯2 − s)2 (f¯2 − (l¯0 −m)2) − 16k2γ − m
5
(
l¯2 − s)
12k2γ l¯
6ω
,
aLR =
l¯2m
(
8k2γ + 14kγ l¯0 − 9kγm− 2l¯0m
)
2k2γω
− m
4s2(2kγ −m)2(2l¯0 −m)
4k2γ l¯
4ω
(
l¯2 − s)
+
m3
(
8k3γ(2ω + 5m)− 8k2γ
(
6(ω +m)2 +m(ω + 2m)
)
+ 4kγ
(
8(ω +m)3 − 3sω))
4k2γ l¯
2ω
+
m2
(−4k3γ + 2k2γ(8ω − 7m)− kγ (28ω2 + 34mω + 15m2)+m (3(ω +m)2 − ω2))
2k2γω
− m
3
(
8k2γ
(
16kγω + 13kγm+m
2
)− s(2kγ −m)2 + 2kγm(4kγ −m)2)
4k2γω
(
l¯2 − s)
− l¯
4(4kγ −m)
4k2γω
− m
3s
(
2s+ 3m2
)
4k2γ l¯
2ω
,
bL = −
(
l¯2 −m2)2 − 4m2ω (ω + 2m) ,
bR
f¯2 − (l¯0 −m)2
=
16kγm
3(ω +m)
(
(ω + 2m)2 + 4mω
)
ω
(
l¯2 − s)2 + l¯
2
(
kγ(ω + 2m) +m
2
)
kγω
35
+
m
(
2k2γ(ω +m) + (2ω + 3m)
(
kγ(ω + 4m) +m
2
))
kγω
− 8m
2
(
l¯0
(
(ω + 2m)2 +m(ω −m))− 2(ω +m)2(ω + 4m))
ω
(
l¯2 − s) ,
bLR = −
l¯4
(
m2
(−12kγω + 20ω(ω +m) + 7m2)− 2l¯2m(l¯0 + ω) + (l¯2 − s)2)
kγω
(
l¯2 − s)
− 2l¯
2m2
(
2k2γm(2ω + 3m) + kγm
(
7m2 + 10mω + 12ω2
)− 4s ((ω +m)2 + ω2))
kγω
(
l¯2 − s)
− m
2
(
4k2γm
3(8ω + 5m)− 8kγms
(
m2 + (ω +m)2
)
+ s2
(
2m2 + (2ω +m)2
))
kγω
(
l¯2 − s) .
G Photon energy spectrum
The photon energy spectrum accounting for electron mass terms is given by the following substitutions
in Eqs. (56, 57):
I˜i → pi
2
ω3
[
ai + bi ln
kγ
ω
+ ci ln
2l¯0 −m
m
− di ln 2kγ
2ω +m
ln
2l¯0 −m
m
+ di
∑
σ1, σ2=±
<
(
Li2
l¯0 + σ1
√
l¯20 −m2
l¯0 + σ2
√(
l¯0 −m
)2 − 2mkγ − Li2
l¯0 + σ1
(
l¯0 −m
)
l¯0 + σ2
√(
l¯0 −m
)2 − 2mkγ
)]
dkγ , (179)
with coefficients ai, bi, ci and di in Eq. (179):
aL =
(ω − kγ)
(
2k3γ − k2γm+ 6kγm2 − 2ω2(53kγ + 2m)− ω(8kγ −m)(5kγ + 3m)− 3m3
)
24k2γ
,
aR
ω − kγ =
m5
24k2γ(2ω +m)
2
+
m3
(−36k2γ − 10kγm+m2)
96k3γ(2ω +m)
− m
(
k3γm+
(
kγ − m4
) (
4k3γ − 2k2γm−m3
))
24k3γ(2ω − 2kγ +m)
+
m2ω
12(2ω − 2kγ +m)2 −
ω2(73kγ + 2m)
36k2γ
− m(656ω + 897m)
144kγ
− 37kγ
36
− 892ω + 1184m
144
,
aLR =
m2ω(ω − kγ)(2ω + 3m)
8k2γ(2ω +m)
− m(ω − kγ)
(
26k2γ − kγ(22ω − 13m) + 3m2
)
8k2γ
,
bL = −ω
2(3kγ(2ω +m) + 2ω(ω +m))
kγ(2ω +m)
,
bR =
4mω4(ω +m)
3kγ(2ω +m)3
− 6ω
4
(2ω +m)2
+
ω2
(
3k2γ + 14ω
2
)
3kγ(2ω +m)
− 14ω
3
3kγ
− ω
(
8kγm+ 3kγ(kγ + ω)− 2
(
ω2 −m2))
kγ
,
bLR = −
mω
(
kγ(2ω +m)(2ω + 3m)− 2ω3 + 3m2ω +m3
)
kγ(2ω +m)2
,
cL =
m2
(
4ω2 − 3m2)
16kγ(2ω +m)
− 8k
3
γω + 2k
2
γ
(
4ω2 −m2)− 16kγω2(ω +m)−m4
16k2γ
,
cR = −
m4
(
36ω2 + 30mω + 7m2
)
24kγ(2ω +m)3
+
3m4
8(2ω +m)2
− 3m
3
2(2ω +m)
− kγ
(
ω2
2ω +m
+
1
4
(2ω + 15m)
)
36
+
ω3 − k3γ
3kγ
+
m
(
72ω2 + 204mω + 123m2
)
48kγ
+
m4
48k2γ
− 13m
2
8
+ ω(ω + 3m),
cLR =
mω
(
8kγ(ω +m)(2ω +m)− ω
(
8ω2 + 12mω + 3m2
))
2kγ(2ω +m)2
− m(2kγ −m)
(
8kγ(kγ +m) + 3m
2
)
16k2γ
,
dL = −ω2,
dR = −
k2γ(2ω + 3m) + 2kγ(ω + 2m)
2 + 2m2(ω +m)
2kγ
,
dLR = −
m2(3kγ +m)
2kγ
.
H Electron energy spectrum
The nonfactorizable contribution to the electron energy spectrum dσν`e→ν`eγNF from Eq. (105), is given by
the following substitutions in Eqs. (56, 57):
I˜i → pi
2
ω3
(
zi + yi ln
2ω
m
−1 + ρ1+β
(
1 + 2ωm
) + xi ln 2l0m(
1 + 2ωm
)− 1+βρ + ri ln
1− 1+βρ
1+β
1−β − 1+βρ
(
1 + 2ωm
))dE′
+
pi2
ω3
(
qi ln
1 + β
1− β + vi
(
Li2
1 + β
ρ
− Li2
(
1 +
2ω
m
)
+ Li2
(
1 + 2ωm
)
ρ
1 + β
− pi
2
6
))
dE′. (180)
Exact expressions for coefficients zi, yi, xi, ri, qi and vi in Eq. (180) are given by
vL =
1
2
(
m2
2
+ 2mω + ω2
)
, vR =
1
2
(
l20 +
β2 + ρ
ρ2
m2
)
, vLR =
1
2
m (2l0 −m) ,
xL = − 2
15
ω5
m3
+
1
3
ω3
m
+
(
1 + 3β2
3ρ3
− 4β
4 − 11β2 + 7
3ρ4
)
ω2 +
(
2
ρ3
− β
4 − β2 + 2
ρ4
)
mω
+
(−7β4 + 14β2 − 22
15ρ4
+
15β4 − 25β2 + 22
15ρ5
)
m2,
xR = −
l20
(
35l0m
2 − 10l20m+ 2l30 − 30m3
)
15m3
,
xLR =
3l0m
2 − 3l20m− 2l30 + 3m2ω
3m
,
yL =
1
2
ω(ω −m),
yR =
−ω4 − 2
(
5− 1ρ
)
mω3 + 12β
2+11ρ−16
ρ2
m2ω2 + 6β
2+9ρ−10
ρ2
m3ω + β
2+2ρ−2
ρ2
m4
(m+ 2ω)2
,
yLR = mE
′
(
1− (m+ 2ω)
2 −mω
E′ (m+ 2ω)
)
,
rL =
(
−2 + β
3
ρ
(1 + β)2
+
1
6
4 + β
1 + β
)
ω2 +
(
β − ρ2
ρ (1 + β)
+
1
2
(
1 +
1
(1 + β)2
))
mω
+
(
−(17β
2 + 36β + 22)ρ
30(1 + β)3
+
14β2 + 43β + 44
60(1 + β)2
)
m2,
rR =
(
−2 + β
3
ρ
(1 + β)2
+
1
6
4 + β
1 + β
)
ω′2 +
(
β2 − 5β + 1
3ρ (1 + β)
+
1
6
7β2 + 8β − 2
(1 + β)2
)
mω′
37
+(−23β3 + 14β2 + 41β − 2
30ρ(1 + β)2
+
−28βρ2 + 43β2 + 2
30ρ2(1 + β)
)
m2,
rLR =
1
6
(
14 + 5β + 2
2β2 − 4β − 7
ρ
)
m2
1 + β
+
(
1 +
1− 2ρ
1 + β
)
mω,
qL =
(
1
2β
ρ
1 + β
− 1 + β
2β
)
ω2 +
β
2ρ
mω +
1− ρ
2β
m2,
qR =
(
1
2β
ρ
1 + β
− 1 + β
2β
)
ω′2 +
(
2− 1
1 + β
− 2− β
2ρ
)
mω′
+
(
4β3 + β2 − 4β + 2
4βρ2
+
−β3 + 2β2 + β − 1
2βρ(1 + β)
)
m2,
qLR =
(1− β)ω2 − 2ρmω +
(
1 + β2
)
m2
β
l0 − ω
m
+ βmE′,
zL =
zω
4
ω4 + zω
3
L mω
3 + zω
2
L m
2ω2 + zωLm
3ω + z0Lm
4
m2
,
zR =
2zω
4
ω5 + zω
4
R mω
4 + zω
3
R m
2ω3 + zω
2
R m
3ω2 + zωRm
4ω + z0Rm
5
m2 (m+ 2ω)
,
zLR =
2l0 + 9m
6
(
l0 − ρω
1 + β
)
,
zω
4
=
1
15
− 1
15
ρ
1 + β
, z0L =
25β2 − 49
60ρ3
(
1− 1
ρ
)
− 8β
2
15ρ2
,
zω
3
L =
3− β
30ρ
− 3 + 2β
30 (1 + β)
, zω
2
L =
7β2 + 8β − 23
30 (1 + β) ρ
− 15β
2 + 6β − 23
30ρ2
,
zωL =
−20β3 + 51β2 + 38β − 105
60ρ3
− 55β
3 + 54β2 − 82β − 105
60ρ2 (1 + β)
,
zω
4
R = −
8
15ρ
+
1
15
8− β
1 + β
, zω
3
R =
113β2 − 2β − 133
30 (1 + β) ρ
− 143β
2 − 34β − 133
30ρ2
,
zω
2
R = −
339β3 − 805β2 − 353β + 851
60ρ3
+
−760β3 − 825β2 + 778β + 851
60ρ2 (1 + β)
,
zωR =
β((433− 45β)β + 44)− 439
30ρ3
+
β(β(9β(33β + 3)− 730)− 29) + 439
30ρ4
,
z0R =
270β2 − 269
60ρ3
+
309β4 − 839β2 + 538
120ρ4
,
where l0 = m+ω−E′ and ω′ = l0. Our result agrees numerically with Refs. [29, 38]. Integrated over the
electron energy, it agrees with the total cross section of Appendix K.
I Electromagnetic energy spectrum below electron endpoint
For the remaining nonfactorizable contribution to the electromagnetic energy spectrum dσν`e→ν`eγNF , it is
convenient to express the result as
dσν`e→ν`eγNF =
α
pi
δγdσ
ν`e→ν`e
LO +
(
dσν`e→ν`eγNF
)′
, (181)
38
where in the first term the cross section of elastic process is expressed as a function of the final state
neutrino energy, and
δγ =
1
2β
ln
1− β
1 + β
(
1 + ln
ρ17/2
4β4 (1− β)9/2
)
− 1− 2 ln 1− ρ
ρ
− 1
β
(
Li2
−ρ3
(1 + β)3
+
1
2
Li2
1− β
1 + β
− Li2 ρ
1 + β
+
pi2
6
)
. (182)
As for the electron energy spectrum, individual corrections contain double logarithms:
δv ∼
β→1
−1
8
ln2 (1− β) , δs ∼
β→1
−1
4
ln2 (1− β) , δII ∼
β→1
1
2
ln2 (1− β) , δγ ∼
β→1
−1
8
ln2 (1− β) ,
(183)
but the complete electromagnetic energy spectrum is free from Sudakov double logarithms [115]. The
residual nonfactorizable piece of the bremsstrahlung contribution,
(
dσν`e→ν`eγNF
)′
is given by the following
substitutions in Eqs. (56, 57):
I˜i → pi
2
ω3
(
ai + bi ln
1 + β
1− β + ci ln
2− ρ
1− β
)
dω′, (184)
where coefficients ai, bi and ci can be expressed in terms of the initial and final neutrino energies, ω and
ω′ respectively, in the following form:
fL (ω) = f
ω2ω2 + fωmω + f0m2,
fR (ω) = fL
(−ω′) = fω2ω′2 − fωmω′ + f0m2,
with dimensionless coefficients:
cω
2
=
3β2 + 1
3ρ3
− 7β
2 + 8
3ρ2
,
cω =
2
(
β2 + 4
)
ρ3
+
17β4 + 22β2 − 55
8ρ4
,
c0 =
112− 15β4 − 85β2
15ρ5
+
31β4 + 118β2 − 449
60ρ4
,
bω
2
=
(β − 3)(2β − 1)ρ
6(1− β)2β +
β + 14
6 (1− β) ,
bω =
((β − 4)β − 2)ρ
2(1− β)2β +
55− β(17β + 30)
16 (1− β)2 +
1
β
,
b0 =
ρ(β(β + 1)(23− 2β)− 45)
30(1− β)3β +
−31β3 − 88β2 + 89β + 180
120(1− β)2β ,
aω
2
=
ρ
(
11β2 + 21
)
3 (β4 + 2β2 − 3) +
2
(
3β4 + 8β2 − 15)
3 (β4 + 2β2 − 3) ,
aω =
23β4 + 34β2 − 73
4ρ3 (β2 + 3)
+
−2β4 + 13β2 + 73
−4β4 − 8β2 + 12 ,
a0 =
85β2 − 163
30ρ3
+
15β4 − 166β2 + 163
30ρ4
.
The interference part of the energy spectrum is determined by
aLR =
(
− ρ
2− ρ
2ωω′
m2
− 1
3ρ
+ 4
)
ω2ILR,
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bLR =
(
1 + β
2β
2ωω′
m2
− 1
3β2
+
1
3(1− β) +
7
6
− 1 + β
ρ
(
1
3β2
+
7
6β
+
1
6
))
ω2ILR,
cLR =
(
−2ωω
′
m2
+
β4 − 5β2 + 2
3β2ρ2
+
2
(
1 + 4β2
)
3β2ρ
)
ω2ILR,
where ILR is given by Eq. (20).
Our result agrees with numerical evaluation in Ref. [29].
J Electromagnetic energy spectrum above electron endpoint
The electromagnetic energy spectrum above electron endpoint can be conveniently expressed as a sum of
the factorizable and nonfactorizable corrections,
dσν`e→ν`eγ =
α
pi
δγdσ
ν`e→ν`e
LO + (dσ
ν`e→ν`eγ)′ . (185)
The factorizable part is given by
δγ =
1
β
(
−pi
2
3
+
7
8
ln2
1 + β
1− β + 2 ln
(
1 +
2ω
m
)
ln
1 + β
1− β −
3
2
ln
1 + β
1− β ln
2− ρ
1− β + 2Li2
ρ
1 + β
+ ln
2− ρ (1 + 2ωm )
ρ
(
1 + 2ωm
) ln(1 + β
1− β
1 + β − ρ (1 + 2ωm )
−1 + β + ρ (1 + 2ωm )
)
− Li2
ρ
(
1 + 2ωm
)
1 + β
− Li2
2− ρ (1 + 2ωm )
1 + β
+ Li2
2− ρ
1 + β
+ <
(
Li2
ρ
(
1 + 2ωm
)
1− β + Li2
2− ρ (1 + 2ωm )
1− β − Li2
2− ρ
1− β
))
+ 2 ln
(
2− ρ (1 + 2ωm )
1− ρ
2ωω′ +m (ω′ − ω)
−m2
)
, (186)
where the elastic cross section dσν`e→ν`eLO is expressed in terms of ω
′. The nonfactorizable part is given by
the following substitutions in Eqs. (56, 57):
I˜i → pi
2
ω3
(
ai + bi ln
2− ρ (1 + 2ωm )
ρ
+ ci ln
(
1 +
2ω
m
)
+ di ln
2− ρ (1 + 2ωm )
2− ρ
)
dω′, (187)
with coefficients ai, bi, ci and di:
aL =
ω
(
30m4(2ω+m)
m+2ω−2ω′ − 15m
5
m−2ω′ − 15m4 + 4
(
109m2 + 78mω + 2ω2
)
ω′2 − 2(m− 2ω) (11m2 + 4ω2)ω′)
120m3
+
ωω′3 (8ω − 7m− 4ω′)
5m3
,
bL =
2ω5
15m3
− ω
3
3m
− 2ω2,
cL = −bL + m
2
60
− 9mω
8
− 11ω
2
3
,
dL =
m2
(
6ω′2 + 6ωω′ − 5ω2)+m (ω − ω′) (ω2 + 7ωω′ + 13ω′2)+ 3ω′2 (ω − ω′)2
3m2
+
2m5 − 135m4ω − 16 (ω − ω′)3 (ω2 + 3ωω′ + 6ω′2)
120m3
,
aR = aL
(
ω ↔ −ω′) ,
40
bR = bL
(
ω ↔ ω′)+ bL (ω ↔ −ω′)+ cL (ω ↔ −ω′)− dL (ω ↔ −ω′)+ 2ω′2,
cR = dR +
ω′3
3m
− 2ω
′5
15m3
,
dR = dL
(
ω ↔ −ω′) ,
aLR =
4ωω′
(
(ω − ω′ − 3m)2 − 13m2
)
3m (2EEM −m) ,
bLR = 2
(
ω3
3m
−mω′ − ω2 + ωω′
)
,
cLR =
2m2
3
− 2ω
3
3m
+m
(
3ω − ω′)+ 2ω (ω − ω′) ,
dLR = c
L
R +
2
3
ω′
(
ω′2
m
− 3EEM
)
,
where EEM = m + ω − ω′, and as explained in Section 2.2 dσ/dE′ = dσ/dω′. Our result agrees with a
numerical evaluation of Ref. [29]. The total cross section from both regions of Sections 4.9.1 and 4.9.2
is in agreement with Ref. [31]. Correcting obvious typos, the function I˜RL and only the function I˜L of
Eq. (187) with the interchange I˜L ↔ I˜R are in agreement with Ref. [31]. For all other kinematical factors
of Sections 4.9.1 and 4.9.2, we find nontrivial discrepancies with Ref. [31].
K Total cross section
The total cross-section correction including both real and virtual contributions, besides closed fermion
loop correction of Sections 3.2 and 3.3, is given by the following substitutions in Eqs. (56, 57) [31]:
I˜L
pi2
→ (1 +R) L2 + r
2 (1− r)
2
ln2R+ 4 (1−R) ln r −
(
r2 − r
2
+
3R
2
+
10
3
)
lnR− r
2
+
19 (1−R)
24
,
(188)
I˜R
pi2
→ −4r2(2r + 1)L3 +
(
8r2 +
R3
3
+ 2R+
1
3
)
L2 − 7r
3
6
ln2R+
(
8r − 8R
3
9
+
R2
3
− 16R
3
+
17
9
)
ln r
−
(
31r2
3
− 7r
3
− R
3
18
+
35R
6
+
5
3
)
lnR− 7r
6
− 11R
3
8
+
13R2
12
+
73R
36
+
43
72
, (189)
I˜LR
pi2
→ −4r3L3 −
(−4r2 + 2r +R2 −R)L2 − r2 (2 + 5r) ln2R+ (4r + 3R2 − 7R) ln r
+ 7
(−2r2 + r −R) lnR− 5r + 13
4
R2 +
15
4
R, (190)
with additional definitions:
L2 =
Li2
(
1− 1/R2)− Li2 (1−R2)
2
+ <
(
Li2
(
1 +
1
R
)
− Li2 (1 +R)
)
+ Li2
(
−1
r
)
+ 2 lnR ln r,
(191)
L3 =
Li3
(
1− 1/R2)+ Li3 (1−R2)
2
+ 2
(
Li2 (−R) + 1
2
Li2
(
R2
))
lnR− Li2
(
−1
r
)
lnR− ln2R ln r
− Li3
(
R2
)
4
− Li3 (−R)− Li3
(
− 1
R
)
+ ln
[(
1−R2) (1 +R)] ln2R− pi2 ln 1 +R
2
√
R
− ζ (3)
+ <
(
2
(
Li3
(
1 +
1
R
)
+ Li3 (1 +R)
)
− 1
4
Li3
(
1
R2
)
− 4Li3 (2)
)
, (192)
41
R =
m
m+ 2ω
, r =
m
2ω
. (193)
Note that the total elastic cross section at leading order is given by the following substitutions in
Eqs. (14, 15),
ˆ
dω′ IL → ω(1−R),
ˆ
dω′ IR → ω(1−R
3)
3
,
ˆ
dω′ILR → −
ωR2
r
. (194)
L Averaged over flux neutrino cross sections
In the following, we average the energy spectrum with anticipated flux profiles of the DUNE Near De-
tector [132, 133] at Fermilab. In Figures 13 and 14, we show the resulting electron and electromagnetic
energy spectra for neutrino and antineutrino beam modes.
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Figure 13: Electron (e) and electromagnetic (EM) energy spectra in elastic neutrino-electron scattering for
neutrino beam mode of DUNE experiments. Electron energy spectrum is above at low energy. Electron
and muon (anti-)neutrino contributions are shown as well.
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Figure 14: Same as Figure 13 for the antineutrino beam mode.
The corresponding Figures for MINERvA [19, 20, 134–136], NOvA [137], and T2K [138, 139] experi-
ments are shown in Figures 15-20. The difference between the electron and electromagnetic energy spectra
slightly washes out after averaging over the typical neutrino flux. It is larger at low energies, where it
can reach an effect of the relative order 1-3 %, and smaller at higher energies reflecting the dependence
in Figure 11.
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Figure 15: Same as Figure 13 for MINERvA experiment.
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Figure 16: Same as Figure 14 for MINERvA experiment.
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Figure 17: Same as Figure 13 for NOvA experiment.
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Figure 18: Same as Figure 14 for NOvA experiment.
T2K
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Figure 19: Same as Figure 13 for T2K experiment.
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Figure 20: Same as Figure 14 for T2K experiment.
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